


Graduate Preliminary Examination

Algebra I

16.2.2005: 3 hours

Problem 1. A group G is called a residually finite group if for any 1 6= x ∈ G
there exists a normal subgroup N such that x 6∈ N and |G/N | is finite.

Prove that every finitely generated abelian group is residually finite.

Problem 2. Let GL(n, Fp) denote the group of all non-singular n × n ma-
trices over a field Fp with p elements.

(a) Show that n × n strictly upper triangular matrices with 1 on the di-
agonal (unitriangular matrices) in GL(n, Fp) is a Sylow p-subgroup of
GL(n, Fp).

(b) Prove that the number of Sylow subgroups in GL(2, Fp) is p+1. Exhibit
two distinct Sylow p-subgroups of GL(2, Fp).

Problem 3. Let R = Q[x]/(x2 − 1).

(a) Find e and f in R, both non-zero such that

e2 = e, f 2 = f, ef = 0, e + f = 1.

(b) Show that φe : R → R where φe(r) = re is a ring homomorphism.

(c) Find the kernel of the homomorphism φe

Problem 4. (a) Let S and K be two rings with identity. Let φ : S → K
be a bijection satisfying φ(ab)φ(1) = φ(a)φ(b). Show that φ(1) is an
invertible element of K. (Two sided)

(b) Prove or give counter example to the following statement:

If R and S are two rings with identities 1R and 1S respectively, then
φ(1R) = 1S for every ring homomorphism φ from R into S.







M.E.T.U

Department of Mathematics

Preliminary Exam - Feb. 2011

ALGEBRA I

1. Let G be a finite group and p be a prime number dividing |G|, and

let X = {x ∈ G | xp = 1}. Prove that |X| is divisible by p.

(Hint: Let P ∈ SylpG. Consider the action of P on X by conjugation

and verify that X ∩ CG(P ) is a subgroup of P .)

2. Let G be a finite group.

a) Prove that NG(NG(P )) = NG(P ) for each Sylow p-subgroup of G

for a prime number p dividing |G|.

b) Prove the implications (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) for the following:

(i) G is nilpotent.

(ii) H is properly contained in NG(H) for each proper subgroup H of

G.

(iii) Every Sylow p-subgroup of G is normal in G for a prime number

p dividing |G|.

(iv) G is the direct product of its Sylow subgroups.

3. Let R be a commutative ring with 1, and let S be the set of all ideals

of R in which every element is a zero divisor. Assume that S 6= φ.

(a) Prove that S has maximal elements with respect to inclusion.

(b) Prove that every maximal element of S with respect to inclusion is

a prime ideal.
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(c) Let D be the set of all zero divisors of R and P be a prime ideal of

R. Prove that P ∩ D is a prime ideal of R and D is a union of prime

ideals.

(d) Give an example of a commutative ring R with 1 such that D is

not an ideal and describe the decomposition of D in your example as

a union of prime ideals.

4. Let R be a commutative ring with 1, and let X be the set of prime

ideals of A. For each subset S of R, let V (S) denote the set of all prime

ideals of R which contain S. Prove that

(a) If I is the ideal generated by S, then V (S) = V (I).

(b) V (0) = X and V (1) = φ.

(c) If (Si)i∈I is a family of subsets of R, then V (
⋃
i∈I

Si) =
⋂
i∈I

V (Si).

(d) V (P ∩Q) = V (PQ) = V (P ) ∪ V (Q) for any ideals P, Q of R.

(e) Suppose that R is Noetherian and let I be an ideal of R. Show that

V (I) = X if and only if In = 0 for some positive integer n.
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1. Prove or disprove the following claims:

• No group can have exactly two subgroups of index two.

• The abelian group Q/Z is finitely generated.

2. Let H be a proper subgroup of a finite group G. Show that

G 6=
⋃
g∈G

gHg−1.

3. Let R be a principal ideal domain and let p ⊂ R be a non-zero prime ideal. Show that
the localization Rp is a principal ideal domain and has a unique irreducible element,
up to associates.

4. Let R = Z[
√
−5] and let a = (3, 1 +

√
−5).

• Show that a is not a principal ideal.

• Show that a2 = aa is a principal ideal and find a generator.
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1.a) Let G denote the free product of the group with two elements with itself:

G = Z2 ∗ Z2 =< a, b | a2, b2 > .

Show that the subgroup generated by the element ab ,

N =< ab > ▹ G

is an infinite cyclic group and it is normal with index two.

b) Let H =< a > 6 G. Describe the action of H on N by conjugation. Show
that G = NH with N ∩H = {1}.

c) Conclude that G is isomorphic to the semidirect product N o H with the
action described in part (b).

2.a) Show that any finite group of order 65 is cyclic.

b) Show that any finite group of order 130 has a unique subgroup of order 13.

c) Show that any finite group of order 130 has a subgroup of order 65.

d) Show that up to isomorphism there are only two groups of order 130. Describe
them.

3.a) For any integer n > 1 consider the ring Z/nZ ≃ Zn. Show that any ideal
I ⊆ Zn is principal. (Note that the ring Zn is not necessarily a PID.)

b) Let R be any ring so that there is an onto ring homomorphism f : Zn → R.
Use part (a) to show that R is isomorphic to some Zm, where m|n.

c) Let g : Zn → Zm be an injective ring homomorphism and g(1) = k ∈ Zm (we
abuse the notation and let k denote its residue class in Zm). Show that k is an
element of order n in the additive group Zm, m | nk and m | k(k − 1).

d) Let m,n, k be integers with m,n > 1, 0 < k < m so that m | nk,
m | k(k − 1) and k ∈ Zm has order n. Show that the map ϕ : Zn → Zm defined
by ϕ(r) = kr, ∀r ∈ Zn, is a well defined injective ring homomorphism.

e) List all subrings of Z30. Find a nontrivial ring homomorphism ϕ : Z10 → Z30.
Is there any other?

4.a) Let N : Z[
√
5] → Z be defined by the rule

N(a+ b
√
5) = (a+ b

√
5)(a− b

√
5) = a2 − 5b2.

Show that N((a + b
√
5)(c + d

√
5)) = N(a + b

√
5) N(c + d

√
5), for all (a + b

√
5) and

(c+ d
√
5) ∈ Z[

√
5].

b) Use part (a) to show that if |N(a+ b
√
5)| = p is a prime integer then a+ b

√
5

is an irreducible element in Z[
√
5].
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Problem 1. Let p be a prime number. If G is an infinite p-group such that
every proper non-trivial subgroup of G has order p, prove that:

(a) p > 2;

(b) G must be a simple group.

( Recall that a group G is called simple if it has no non-trivial normal
subgroup.)

Problem 2. Let Q be the additive group of rationals.

(a) Prove that every finitely generated subgroup of Q is cyclic.

(b) Prove that if G is a group with center Z(G) such that G/Z(G) is
isomorphic to a subgroup of Q, then G is abelian.

(c) Prove that no non-trivial subgroup of Q can be isomorphic to the full
group of automorphisms of a group.

Problem 3. Let R be a quadratic integer Z[
√−5]. Let I = (2, 1 +

√−5) be
an ideal of R.

(a) Is I a principal ideal in Z[
√−5 ]? Justify your answer.

(b) Is I2 = II a principal ideal in Z[
√−5 ] Justify your answer.

Problem 4. Let R be a commutative ring with identity. If I is an ideal of
R , then

√
I = {r ∈ R : rn ∈ I for some positive integer n}. A proper

ideal I is called a primary ideal if whenever ab ∈ I we have either a ∈ I or
b ∈ √I.

(a) Prove that if I is a primary ideal, then
√

I is a prime ideal.

(b) Is (4, x) a prime ideal in Z[x] ? Explain.

(c) Is (4, x) a primary ideal in Z[x]? Explain.
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1. Determine all groups with exactly three distinct subgroups.

2. Let A be an abelian group denoted additively. Let φ be an endomorphism of A.
Show that if φ is nilpotent, then 1 + φ is an automorphism of A.

Hint: Consider the factorization of 1+φn (with n odd) in the ring End A. Note
that 1 means the identity map of A.

3. A ring R is called radical if for every x ∈ R, there exists y ∈ R such that
x + y + xy = 0.

a) Let R be a ring. If every element of R is nilpotent, then show that R is radical.

b) Show that R =
{

2x

2y + 1
|x, y ∈ Z such that (2x, 2y + 1) = 1

}
is a radical ring.

c) Prove or disprove: In a radical ring every element is nilpotent.

4. Let R be a commutative ring with identity 1. A subset S of R is called a
multiplicative set if it is closed under multiplication, contains 1, and does not
contain the zero element.

a) Prove that an ideal I of R is prime if and only if there is a multiplicative set
S such that I is maximal among ideals disjoint from S.

b) Prove that the set of all nilpotent elements of R equals the intersection of all
the prime ideals of R.

Hint: If s is not nilpotent, then {1, s, s2, · · ·} is a multiplicative set.
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1. Let G be a finite group and suppose H ≤ G satisfies the condition that CG(x) ≤ H for all

x ∈ H − {1}. Show that gcd(|H|, |G : H|) = 1.

Hint: Choose P ∈ Sylp(H) and show that P ∈ Sylp(G)

2. In this question, G stands for a finite group where CG(a) is abelian for every a ∈ G \ {1}.

(a) Give two examples of such a group; one non-abelian nilpotent, one non-nilpotent solvable.

(b) Assume Z(G) = 1. Show that commuting is an equivalence relation on G \ {1}. What

are the equivalence classes?

(c) Let Z(G) = 1 and A be a maximal abelian subgroup of G. Show that A = CG(a) for

every a ∈ A and gcd(|A|, [G : A]) = 1.

3. Let R be a commutative ring.

Prove that the following are equivalent for R.

(1) There is a proper ideal P in R such that P ⊇ I, for every proper ideal I of R.

(2) The set of nonunits of R forms an ideal.

(3) There exists a maximal ideal M of R such that 1 + x is a unit, for all x ∈ M .

4. Let R be ring with unity and define

N(R) = {a ∈ R : an = 0 for some n ≥ 1}

J(R) = ∩M , intersection of all maximal ideals in R.

(a) Show that if R is commutative, then N(R) is an ideal and that

N(R) = ∩P, intersection of all prime ideals in R.

(b) Give an eample to show that if R is not commutative, then N(R) need not be an ideal.

(c) Give examples R,S of commutative rings such that

0 6= N(R) = J(R)

0 6= N(S) 6= J(S)
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1. Let G be a finite group.

a) Suppose that M and N are normal subgroups of G such that both
G/M and G/N are solvable. Prove that G/M ∩N is solvable.

b) Prove that G has a subgroup L which is the unique smallest sub-
group with the properties of being normal with solvable quotient.

c) Suppose that G has a subgroup H isomorphic to A5. Show that
H ⊆ L.

2. Let G be a group.

a) Prove that if N is a normal subgroup of G then G/CG(N) is iso-
morphic to a subgroup of the group Aut(N) of all automorphisms of N .

Prove the following assuming that G is a finite group with

gcd(|G|, |Aut(G)|) = 1.

b) G is abelian.

c) Every Sylow subgroup of G is cyclic of prime order.

d) G is a cyclic group of squarefree order such that if p and q are prime
divisors of |G|, then we have p 6≡ 1(modq) and q 6≡ 1(modp).
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3. Let F2 be the field with 2 elements and R = F2[X, 1/X] for an indeter-
minate X.

Prove the following:

a) The unit group of R is generated by X.

b) There are infinitely many distinct ring endomorphisms of R.

c) The ring automorphism group Aut(R) is of order 2.

4. Let (R, +, ·) be a commutative ring with identity 1 6= 0, D be a multi-
plicative set in R (1 ∈ D), D−1T = { t

d
| t ∈ T, d ∈ D}, S = D−1R be

the ring of fractions of R with respect to D and π : R −→ S be the
ring homomorphism given by π(r) = r

1
.

Consider the following property for proper ideals I of R:
(*) if xr ∈ I for some r ∈ D then x ∈ I.

a) Show that if Q satisfies (*) and D = R\Q then

ker(π) ⊆ Q ∩ Zerodivisors(R).

b) Show that if Q satisfies (*) and D−1Q = D−1J then J ⊆ Q.

c) Show that if Q satisfies (*) and D−1Q is a prime ideal then D∩Q = ∅
and Q is a prime ideal.

d) Show that if P is a prime ideal and D ∩ P = ∅ then P satisfies (*)
and D−1P is a prime ideal.
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1. Prove that every group of order 32 · 5 · 17 is abelian

2. a) Prove that Aut S3
∼= S3.

b) Prove that every nonabelian simple group G is isomorphic to a subgroup of AutG.

3. Let R be an integral domain with 1. A non-zero, non-unit element s ∈ R is said to be special if,
for every element a ∈ R, there exist r, q ∈ R with a = qs + r and such that r is either 0 or a unit of
R.

Prove the following:

a) If s ∈ R is a special element, then the principal ideal (s) generated by s is maximal in R.

b) Every polynomial in Q[x] of degree 1 is special in Q[x].

c) There are no special elements in Z[x]. (Hint: Apply the definition with a = 2 and a = x)

4. Let A1, · · · , An be ideals of the commutative ring R, and let D =
n⋂

i=1

Ai. Recall that the radical

√
I of an ideal I of R is defined as

√
I = {x ∈ R |xk ∈ I for some positive integer k }.

(a) Prove that I ⊆
√
I,
√
I =

√√
I and

√
I ⊆
√
J whenever I ⊆ J for ideals I and J in R.

(b) Prove that
√
D =

n⋂
i=1

√
Ai.

(c) Suppose that D is a primary ideal and D is not the intersection of elements in any proper subset

of {A1, . . . , An}. Show that
√
Ai =

√
D for each i = 1, . . . , n.

(Recall that an ideal I(6= R) of R is primary if for any x, y ∈ R, xy ∈ I and x 6∈ I ⇒ y` ∈ I for some
positive integer `)
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1. Let A be an abelian p-group of exponent pm. Suppose that B is a subgroup of A of
order pm and both B and A/B are cyclic. Show that there is a subgroup C of A such
that A ∼= B ⊕ C and B ∩ C = {0}.

2. Let p > q be primes.

(a) Prove that a group of order pq is not simple.

(b) Show that there is exactly one group of order pq if p− 1 is not divisible by q.

(c) Construct a nonabelian group of order pq if p− 1 is divisible by q.

3. Let R be a commutative ring with identity and let G be a finite group.

(a) Show that the augmentation map from the group ring R[G] to R given by the
formula f(

∑
cgg) =

∑
cg is a ring homomorphism.

(b) Show that the augmentation ideal, i.e. the kernel of the augmentation homomor-
phism, is generated by {g − 1|g ∈ G}.

(c) If G is cyclic with generator g0, then show that the augmentation ideal is principal
with generator g0 − 1.

4. Let R be a ring with identity and f ∈ R[[x]] be a formal power series with coefficients
from R.

(a) Give a sufficient and necessary condition for f to be a unit in the ring R[[x]].
Prove your statement.

(b) Classify all ideals of F[[x]] if F is a field.








