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Problem 1. Prove or give a counter-example to the following statement: If
M/L and L/K are algebraic extensions of fields, then M/K is algebraic.

Problem 2. Let p be a prime and let GF (pm) denote the finite field of order
pm.

(a) Show that for any positive integer m, there exists a finite field of order
pm

(b) Show that if GF (pm) is isomorphic to a subfield of GF (pn), then m
divides n.

(c) Let E be the algebraic closure of GF (p). Show that there is an in-
termediate field L between GF (p) and E with |L : GF (p)| = ∞ and
|E : L| = ∞

Problem 3. Let R be a commutative ring with identity , I an ideal of R
and L = {a ∈ R : aI = 0}

(a) Prove that each a ∈ L induces an R-module homomorphism

λ̄a : R/I → R

(b) Using (a), prove that the R-modules L and HomR(R/I, R) are isomor-
phic.

Problem 4. Let R be a commutative ring with identity, and let M be a
unitary R-module. Then M is called:

• torsion-free, if r ·m = 0 implies either r = 0 or m = 0 where r in R
and m in M ;

• divisible, if for all m in M and non-zero r in R, there is n in M such
that r · n = m.



Assume M is torsion-free and non-trivial.

(a) Prove that R is an integral domain. Show that, the hypothesis that M
is non-trivial is necessary.

Now let K be the quotient-field of R.

(b) Prove that K ⊗R M is torsion-free as a K-module.

(c) Prove that, if M is divisible, then φ : m 7→ 1 ⊗ m is an R-module
epimorphism from M onto K ⊗R M .
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1. Let R be a commutative ring with identity 1 and let Q be an injective R-module.
If L

α−→ M
β−→ N is an exact sequence of R-modules and R-homomorphisms with the property

that f ◦ α = 0 for an R-homomorphism f : M −→ Q , show that there is an R-homomorphism
g : N −→ Q with g ◦ β = f .

2. A nonzero left module M (over some ring) is called
• simple, if M has no proper nonzero submodule;
• complemented, if every submodule of M is a direct summand of M (that is, for every submodule
A of M , there is a submodule B of M such that M = A ⊕ B , which means M = A + B and
A ∩B = 0).

(a) Give an example of a simple module.

(b) Give an example of a complemented module that is not simple.

(c) Show that every nonzero submodule of a complemented module is complemented.

(d) Show that every complemented module has a simple submodule.

3. Suppose K, L, and M are fields, and K ⊆ L ⊆ M . Prove or disprove the following statements.

(a) If M/L and L/K are normal, then so is M/K.

(b) If M/K is normal, then so is M/L.

(c) If M/L is normal, then so is M/K.

(d) (K, +) 6∼= ( K∗, · ).

4. Consider the polynomial f(x) = x5 − 6x + 3 ∈ Q [x]

(a) Using Eisenstein’s criterion, prove that f is irreducible over Q.

(b) Let E be the splitting field of f . Show that there exists σ ∈ Gal(E/Q) of order 5.

(c) Prove the following:

There exists τ ∈ Gal(E/Q) of order 2 and hence Gal(E/Q) ∼= S5.

(Hint : You may assume that f(x) has exactly one pair of complex conjugate roots.)

(d) Is f(x) solvable by radicals over Q ? Why?
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1. Let I = (2, x) be the ideal generated by 2 and x in the ring R = Z[x]. Note that the
ring Z/2Z ∼= R/I is naturally an R-module.

• Show that the map φ : I × I → Z/2Z defined by

φ(a0 + a1x+ . . .+ anx
n, b0 + b1x+ . . .+ bmx

m) =
a0
2
b1 (mod 2)

is R-bilinear.

• Show that 2⊗ x− x⊗ 2 is nonzero in I ⊗R I.

2. Let In be the identity matrix of dimension n.

• Prove that there is no 3× 3 matrix A over Q such that A8 = I3 but A4 6= I3.

• Write down a 4× 4 matrix B over Q such that B8 = I4 and B4 6= I4.

3. Let Fq be a finite field with q elements and let K/Fq be a quadratic extension.

• For any α ∈ K, show that αq+1 ∈ Fq.

• Show that every element of Fq is of the form βq+1 for some β ∈ K.

4. Let p be an odd prime and let L = Q(ζp) be the p-th cyclotomic field.

• Show that L has a unique subfield K such that [K : Q] = 2.

• If p = 5, then find an element α ∈ L such that L = K(α) and α2 ∈ K.

• If p ≥ 7, then show that there is no α ∈ L such that L = K(α) and α(p−1)/2 ∈ K.
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Problem 1. Let K0 = F11[X]/(X2 + 1) and K1 = F11[Y ]/(Y 2 + 2Y + 2).

(a) Show that the Ki are fields for i = 0, 1.

(b) Find the orders of the Ki for i = 0, 1.

(c) Either exhibit an isomorphism of K0 and K1, or show that they are
not isomorphic.

Problem 2. Show that the sum of all elements of a finite field is zero, except
for F2.

Problem 3. Let L/K be a field-extension, and let α be algebraic over K
with minimal polynomial f . Let M = K(α) ⊗K L. We know that M is a
vector-space over L.

(a) Exhibit an embedding of L in M (as vector-spaces over L).

(b) Exhibit an embedding ι of L in M and a multiplication · on M such
that the following conditions hold:

• M is a commutative ring with identity;

• ι is a ring-homomorphism;

• if m ∈ M and ` ∈ L, then ι(`) ·m is the product `m given by the
vector-space structure.

(c) Show that L[X]/(f) and K(α)⊗K L are isomorphic as rings.

Problem 4. Let R be a ring with 1. If M is an R-module, the uniform
dimension of M (ud M) is the largest integer n such that there is a direct
sum M1 ⊕ . . .⊕Mn ⊆ M with all the Mi non-zero. If no such integer exists
then we say that ud M = ∞. If M ⊆ N are R-modules, M is said to be
essential in N if every non-zero submodule of N has non-zero intersection
with M . Suppose the ud M < ∞ and M ⊆ N . Prove that M is essential in
N if and only if ud M = ud N
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1. Let f(x) = x3 − 2x − 2 ∈ Q[x]. Let K = Q(α) where α is a real root of f , and
let F be the Galois closure of the extention K/Q.

a) Determine the group of Q-automorphisms of K.

b) Determine the Galois group G(F/Q).

c) Determine the Galois group G(F/K).

2. Let K be a field of characteristic p (where p is a prime number). Let
Kp = {bp|b ∈ K}.

a) Show that Kp is a subfield of K and K/Kp is an algebraic extension.

b) Let a ∈ K, a 6∈ Kp . Prove that [Kp(a) : Kp] = p.

3. Let R be a principal ideal domain, M a free R-module, and S a submodule of
M . S is called a pure submodule if

whenever ay ∈ S (with a ∈ R \ {0}, y ∈ M), then y ∈ S.

a) Show that {0} and R are the only pure submodules of R, considered as an
R-module)

b) Find a proper, nontrivial pure submodule of R ⊕ R (considered as an R-
module).

c) Let N be a torsion-free R-module and ϕ : M → N be an R-module homo-
morphism. Prove that Kerϕ is a pure submodule of M .

4. Let R be a commutative ring with identity. Prove that every submodule of R is
free iff R = {0} or R is a principal ideal domain. (Warning: To prove that R is
a PID, you have to show R is an integral domain first.)
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1. Let R be a principal ideal domain, and let M be a finitely generated module over R. We

know that, for some non-negative integers n and s, there are nonzero non-units q1, . . . , qn of

R such that qk | qk+1 and M∼= R/(q1)⊕ · · · ⊕R/(qn)⊕Rs.

(a) Letting K be the quotient field of R, find the dimension of M ⊗R K as a vector space

over K.

(b) Find the greatest integer t such that M has linearly independent elements x1, . . . , xt:

this means, if a1, . . . , at ∈ R and a1x1 + · · ·+ atxt = 0, then a1 = · · · = at = 0.

Suppose further that R has only one prime ideal different from {0}, namely (p).

(a) Give an example of such a ring R.

(b) Show that R/(p) is a field.

(c) Show that, for some integers ki such that 0 < k1 < · · · < km, M∼= R/(pk1) ⊕ · · · ⊕

R/(pkn)⊕Rs.

(d) Letting L be the field R/(p), find the dimension of M/pM as a vector space over L.

(e) Find the least integer t for which some subset {x1, . . . , xt} of M generates M over R.

(f) Letting L be the field R/(p), find the dimension of M/pM as a vector space over L.

(g) Find the least integer t for which some subset {x1, . . . , xt} of M generates M over R.

2. Suppose E and F are finite extensions of a field K, and E and F are themselves subfields

of some large field, so that the compositum EF is well defined: EF

E@-[ur]F@-[ul]

K@-[ul]@-[ur] Let us say that E is free from F over K if any elements of E that are

linearly independent over K are still linearly independent (as elements of EF ) over F .

i. If E is free from F over K, show that F is free from E over K.

ii. Prove that the following are equivalent:

A. E is free from F over K,

B. [E : K] = [EF : F ],
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C. [E : K][F : K] = [EF : K].

Suppose now also that E/K is Galois.

i. Prove that EF/F is Galois.

ii. Prove that E is free from F over K if and only if E ∩ F = K.

3. Let p be a prime, q = pt for some t ≥ 1, F (qk) denote the field with qk elements,

and L(q) = ∪n≥1F (qn!).

(a) Show that L(q) is a field. What is its prime subfield?

(b) Show that L(q) is an algebraic extension of F (q).

(c) Is L(q) algebraically closed?

4. Let U be a right R-module and X ⊆ U be any subset. Then show that

(1) annR(X) = {r ∈ R|xr = 0 ∀x ∈ X} is a right ideal of R

(2) If X is an R-submodule of U , then annR(X) is an ideal of R.

(3) If U is simple and 0 6= x ∈ U , then annR(x) is a maximal right ideal of R and

U ∼= R•/annR(x) where R• denotes R as an R-module.
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1. Let n be a positive integer and F be a field of characteristic p with
p 6 |n.

Let f(x) = xn − a for some 0 6= a ∈ F and E be a splitting field for
f(x) over F .

a) Show that f(x) has no multiple roots (that is f(x) has n distinct
roots.)

b) Show that E contains a primitive n-th root of unity ε.

c) Assume that ε ∈ F . Show that all irreducible factors of factors of
f(x) in F [x] have the same degree and [E : F ] divides n.

2. Let α be an element of C−Q where Q is the algebraic closure of Q in
C.

a) Show that Q(α) is the field of fractions of the integral domain Q[α].

(Hint : Use the homomorphism Q[x] → C, x 7→ α).

b) Show that

• each matrix M =

[
a b
c d

]
∈ GL(2, Q ) defines an automorphism

ΦM : Q (α) −→ Q (α) given by α 7→ aα + b

cα + d

• and we obtain a group homomorphism
Ψ : GL(2, Q) −→ Aut(Q(α)), Ψ(M) = ΦM .

c) True or false? Explain.
Ψ in (b) is an isomorphism.
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3. Let M be a module over a commutative ring R satisfying the descending
chain condition.

Suppose that f is an endomorphism of M . Show that f is an isomor-
phism if and only if f is a monomorphism.

4. Let R be commutative ring with unity and M be an R-module. For
x ∈ M we define

Ann(x) = {r ∈ R : rx = 0}

and we set T (M) = {x ∈ M : Ann(x) 6= 0}.
a) Show that

• If x 6= 0, then Ann(x) is a proper ideal in R.

• If for each maximal ideal p in R there exists some r ∈ Ann(x),
r 6∈ p, then x = 0.

b) Let R be an integral domain with field of fractions F . Show that

• T (M) is a submodule of M .

• T (M) is in the kernel of the map M → M ⊗R F, m 7→ m⊗ 1.

• T (M) = {0} if M is a flat R-module.

c) True or false ? Prove the statement or give a counter example.

For any R and an R-module M , T (M) is a submodule of M .
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1. Let f(x) = x6 + 3 ∈ Q[x], and let α be a root of f(x) in C.

a) Find the splitting field E of f(x) over Q.

b) Find the degree of the extension E over Q.

c) Find the automorphism group G of E over Q. Find the lattice of subgroups of G.

d) Choose one of nontrivial proper subgroups of G and find the intermediate field corresponding to
this subgroup explicitly.

2. a) Prove that for a finite field F of characteristic p, the map u 7−→ up is an automorphism of F .

b) For every integer n, show that the map u 7−→ u4 + u is an endomorphism of the additive group
of the finite field F2n , and determine the size of the kernel and image of this endomorphism.

3. Let R be a ring with 1, and let N be a submodule of an R-module M .

a) Prove that M is torsion if and only if N and M/N are both torsion.

b) Prove that if N and M/N are both torsion-free, then M is torsion-free. Give an example to show
that the converse of this statement is false.

c) Prove that a free module over a PID is torsion-free. Give an eample to show that the converse of
this statement is false.

4. Let R be a ring with 1 and let M,N be R-modules.

a) Prove that if M and N are both free, then M ⊗R N is free.

b) Let f : M → N be an R-homomorphism and let W be an R-module. Show that if f is surjective,
then the induced map f ⊗ 1W : M ⊗R W → N ⊗R W is surjective. Give an example of M,N,W
and an injective map f : M → N to show that the induced map f ⊗ 1W is not injective.
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1. Let A be an abelian group considered as a Z-module. If A is finitely generated than
show that A⊗Z A ∼= A if and only if A is cyclic. Is the same statement true if A is not
finitely generated?

2. Let T : V → W be a linear transformation of vector spaces over a field F.

(a) Show that T is injective if and only if {T (v1), . . . , T (vn)} is a linearly independent
set in W for every linearly independent set {v1, . . . , vn} in V .

(b) Show that T is surjective if and only if {T (x) : x ∈ X} is a spanning set for W
for some spanning set X for V .

(c) Let D : F[x]→ F[x] be the derivative map on polynomials, i.e. D(f(x)) = f ′(x),
which is a linear transformation. Investigate if D is injective, surjective using the
previous parts.

3. Let K be the splitting field of the polynomial x4 − x2 − 1 over Q.

(a) Show that
√
−1 is an element of K.

(b) Show that the Galois group of K over Q is isomorphic to the dihedral group D8.

(c) Compute the lattice of subfields of K.

4. Let Fq be a finite field of order q = pn for some prime number p. Show that the set of
subfields of Fq is linearly ordered (i.e. L1 ⊆ L2 or L2 ⊆ L1 for every pair of subfields.)
if and only if n is a prime power.






