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Graduate Preliminary Examination
Complex Analysis
Duration: 3 hours
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1/3 centered at 0, traced once in the clockwise direction.

dw, where C' is the circle of radius

2.Let D = {z : |2| < 1}. Prove that there is no holomorphic function
i 1 1
[ : D — D satisfying f(é) =0, fiz) =0, and £(0) = -.

3. Suppose [ is holomorphic on {z : |2| < 1} = I. Prove that there is a
sequence {z,} in I such that |z,| = 1 and {f(z,)} is bounded.
(Hint: Consider the zeroes of f.)

4. Show that H(l*z““"}} = for each z € D = {2 : |2| < 1}. Prove

n
that convergence is uniform on compact subsets of I, but not uniform on D.



GRADUATE PRELIMINARY EXAMINATION
ANALYSIS 2 (Complex Analysis)

February 17th, 2005

1. Let G be the group of analytic automorphisms g : D(0 : 1) — D(0 : 1) of the open unit
disc D(0:1) onto itself.
(a) For any two elements 21, z2 in D(0:1), explicitly construct g € G such that g(z1) = 2.
(b) Characterize the elements of Gy = {g € G : g(0) = 0}.

(c) Determine all holomorphic functions f : D(0: 1) — € which are G-invariant, i.e.
flg(2) = f(z)Vg e G ,z€ D(0:1).
(d) Determine all holomorphic functions f : D(0: 1) — € which are Go-invariant.

2. Let f be an entire function which satisfies
fER)+fz+1)=f(22) Vze .

(a) Using induction on n show that

k
(b) Let D(0,r) denote the open unit disc with center at 0 € € and radius r > 0. Using
the Cauchy Integral Formula over the counterclockwise oriented circle of radius 2"
centered at 0 or otherwise, show that for any a € D(0,1) and n € Z,n > 1

M
2n—4

[f"(a)] <

where M = sup.cp(o:3) | £(2)].
(c) Prove that f(z) = Az + B for some A, B € €' with A+B=0.

3. Consider the series -
flz) = Z 2",
n=0

(a) Show that f(z) defines an analytic function in the open unit disc D(0,1).
(b) Verify that for all £ > 1, and for all k-th roots of unity w, ( i.e. w* = 1), f(w) = oo

holds.

(c) Show that in any arc on the unit circle |z| = 1 , there are N-th roots of unity for
infinitely many N. (Hint: Use the map [0,1] — {z : |z| = 1},t — €2™ to work in
[0,1]).

(d) Using the results of b) and c¢) show that f(z) cannot be continued analytically to any
domain 2 which properly contains D(0,1).

4. Let Q) be a convex bounded domain and « a closed smooth curve in 2. Suppose that f
and ¢ are analytic functions on €2, f zero free on ~.

(a) Compute the residue of 9'Tf/at a zero of f in Q.

(b) Compute ﬁ f7 %dz.



METU - Mathematics Department
Graduate Preliminary Exam-Spring 2008

Complex Analysis

NOTATION :

D={zeC:lz| <1}.
Unless otherwise stated, Q@ denotes an open connected set in C.
For a region {2, Aut{Q2) denotes the group of holomorphic automorphisms of 2.

1. A} Let f: £ — C be a function with

f(z) = u(m,y) + ?:‘U($,y)

for any z = z + 4y € Q. Prove that for each oo + 45 € 0 at which f(2) is
differentiable as a function of z, the functions u, v have partial derivatives at
{cv, #) which satisfy the Cauchy-Riemann equations.

B) Prove that f: C — C, defined by
Flz) =+ i1 - y)°
is differentiable only at z = i. Evaluate f'(i).
C) Prove that the real and imaginary parts of f : C — C defined by
?(l+i) -3 (1 —19)
f(z):{ P for 2 # 0
0

for z =1

satisfy the Cauchy-Riemann equations at (0,0) € R* & C but [ is not differ-
entiable at 0 € C.

2. A} Let f:§ — C be an analytic function. Given a € Q, prove that form ¢ N

M%Jm&Lﬁ“LWW)

(z—a)™1 ) mb dzm lo=d




B) Compute

C) Prove that
/"" COS T dr — T
oo (X212 T e

. Let 21,2 € D be any two distinet points and let Q = D — {2z, 22 }.
a) Show that any analytic map f : Q — D extends to an analytic map D — D.
b) Show that in part (a) if f is an isomorphism, then so is the extension.

¢) Find a relation between 2z, and z, which is necessary and sufficient in order
to have an isomorphism 2 — D — {0,1/2}.

. True or false 7 Prove the statement or give a counter example.

a) If f(z) is a non-constant entire function such that |f(z)| is bounded on R,
then f(z) has an essential singularity at oco.

b) If f(z) is meromorphic in C U {oo}, then it is a rational function (ie. the
ratio of two polynomials).

¢) Let p(z) be a polynomial such that for all sufficiently large R we have

f p(z) dz = 2miN, for some N > 1.
lzl=R p(z)

Then p(z} defines a surjective holomorphic mapping C U {oco} — C U {cc} of
degree N.



M.E. T.U

Department of Mathematics
Preliminary Exam - Feb. 2011
COMPLEX ANALYSIS

Duration : 180 min.

1. (25 pt.) Consider the entire function f(z) = e*".

2

a) Show that for w € C* the set f~'(w)={z: f(2) =w} # () and is
discrete.

b) Can you find w € C* for which the set f~!(w) = {z: f(z) = w} is
bounded ? How is your answer related to the behaviour of f(z) at co 7

c¢) Show that there exists a disc D(0;d) such that f(z) takes each value
w € f(D(0;0)) exactly twice in D(0;0).

. (25 pt.) Consider the set F of all meromorphic functions on C which
have exactly the following zeros and poles.

Zeros at z; = 0, 2o = 1 of order 2, 3 respectively, poles at p; = i, ps = —1
each of order 2.

a) Write a rational function fy(z) € F.
b) Determine the structure of the most general function g(z) € F.

c) For an arbitrary function g(z) € F, g # fo determine the type of
the singularity at each singular point in C of fy(2).9(2), fo(z) + g(2).

. (25 pt.) Let D*(a; R) denote the disc of radius R > 0 with a puncture
at the center a.

a) Write an analytic isomorphism @ : D*(0, Ry) — D*(i; R2).

b) Prove that every analytic isomorphism & : D*(0, Ry) — D*(i; Ry)
extends to an analytic isomorphism D(0, Ry) — D(i; Ry).

¢) Using ® you wrote in (a), construct an analytic isomorphism

v D(O, Rl) - {1/2} — D*(Z, RQ)



4. (25 pt.) True or false ? Explain.

a) Suppose that f(z) is analytic in D(0;6) and let g(z) = (f(z) — 1)V
for some integer N > 1. If

d
/ 9(2) = 6miN for all circles I'(r) : |z]| =r,0 <7 <0
I'(r) g(Z)

then f(0) =1, f(0) = f"(0) = 0 and f"(0) # 0.
b) If g(z) is analytic in 2 = C — {a, b} and satisfies
Residue(g; a) = Residue(g;b) =0

then for z € Q the integral F(z) = / g(u)du is independent of the
0

path connecting 0 and z.

¢) The function f(z) = sin(v/22 — 1) has an analytic branch in

C—{zeR:z>1}

d) There exist non-constant doubly periodic functions f(z) with simple
poles at each point of the period lattice L = {m + ni : m,n € Z}.



PRELIMINARY EXAM - Feb.2012
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Q1] 02]0.3]Q4 ] Total

Duration : 3 hr.

1 (5+7+13=25pt) Let n € Nwithn > 2and w=e""/".

{(A) Show that Wi =t

n—1
-1

— %
(B) Show that T = H(z w ) for every x #£ 1.

(C) Prove that

ot 0 if n is even
~ ke

HCOS (”ﬁ”) = (-1 _

k=1 M“W lf mn 1S Odd

2. (4 + 8 + 13 = 25 pt.)
(A) Prove that |¢?| = e®)
(B) Let f be an entire function such that [f(z)] < ()  Show that there
exists a constant a € C such that
fz) = ae® .
(C) Let g be an entire function such that g(z + 1) = —g(2) , g(0) = 0 and
l9(2)] < meat.
Show that there exists a constant b € C such that

g{z) = bsin (71‘ z) :

3. (8+10+7 = 25 pt.) Let @ C C be a domain and f(z) be a meromorphic
function in € with a non-empty set W of poles. Choose an arbitrary point
2o €0~ W,

a) Show that W is a discrete subset of £2.
Give an example where (2 is bounded and W is an infinite set.
b) Show that if the residue of f(z) at each pole vanishes, then




o for z € ) — W the integral

F(z) = /z: fu)du

is independent of the path ' C © — W connecting zp and z, and

o F(z) defines an analytic function in  — W.

¢) True or false 7 Explain.

F(z) is meromorphic in © with W as the set of poles.

. (104847 = 25 pt.) Let g(z) be a non-constant entire periodic function, f (2)
be a meromorphic function in C.

a) Let z be a pole of f(z). Show that the function g o f has an essential
singularity at zo (that is, lim., (g © f(z)) does not exist).

b) For g(z) = €*, prove the result in (a) by using the argument principle.
c) Show that if f(z) has at least two poles then fo g has infinitely many poles.
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Duration : 3 hours September 2006

1. Consider the function f : C — C defined by

23(1+4) —y*(1 — i)
flx,y) = 2+ for (z,y) # (0,0)
0 at (0,0).

Show that
a) f(z,y) is a continuous function of the variables x and y.

b) The functions u(z,y) = Re(f(z,y)) and v(x,y) = Im(f(z,y)) satisfy the
Cauchy-Riemann equations at z = 0.

¢) f'(z) does not exist at z = 0.

Why does the conclusion in (c) not contradict part (b) ?

2. Let f(z) be a continuous function on the unit circle S* = {z : |z| = 1}. Show

that the function
_ f(§)
R = [ e

is analytic on D = {z : |z| < 1} and that

i~ [ S
= [ e

3. Explain how to choose a branch of f(z) = v/22 —1 which is analytic in
C—[-1,1].

a) Using this branch and the residue at infinity, compute / f(2)dz where T
r

is the circle |z| = p > 1.

b) Compute the improper integral using the complex integral

dz

. m where I is given as
(Hints :
1) Residue at infinity is defined by res(g(z),00) = -res(g(1/t)/t?,0).
afa—1).(a—n+1)

2) The binomial series is given by (1+2)% = 3" ¢,2" where ¢,, = ' )
n!

/1 dx
0o vVrz—1




4. Let f(z) be an analytic function in the unit disk D = {z : |z| < 1} and suppose
that |f(z)] < 1 in D. Prove that if f(z) has at least two fixed points, then
f(z) ==z forall z € D.

(Hint : Using a suitable automorphism of the disk reduce to the case where
one of the fixed points is 0 € D so that g(z) = f(z)/z defines an analytic
function on D.)



METU - Mathematics Department
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Complex Analysis

o0
1. Evaluate / e’ cos(x?)dz using complex integration along the given con-
0

tour.

(Hint:/ e_“zdu:\/—E).
0 2

2. Let f : C* — C be an analytic map such that for all z € C the set f~'(z) is
finite (if not empty). Show that

(i) z = 0 is not an essential singularity of f.

(ii) If f is bounded in some deleted neighborhood of 0, then f is a polynomial.

3. Recall that the analytic automorphisms of the unit disk D are given by linear

i0 2 __Oé for some 0 € [0,27) and
—az

fractional transformations of the form z — e
a e D.

a) Using this fact prove that the analytic automorphisms of the upper half-
plane H are given by (special) linear fractional transformations.

b) Show that the map Q = {z: 0 < arg(z) < 5} — H, z — 2® is an analytic
isomorphism.

Deduce that if g € Aut(2), then there exists a linear fractional transformation

T such that g(z) = /T'(2?) for a suitable branch of the square root function
(which branch 7)

¢) Show that there exists no linear fractional transformation which maps
isomorphically onto D.

4. Let f: C — C be a rational function such that |f(z)| = 1 if |z| = 1. Prove
that there exist ¢ € C, ¢ # 0 and ay,...,a, € C, || # 0,1 and m € Z such

that
z — 04z
=cz™
H 1—a;z




METU - Department of Mathematics
Graduate Preliminary Exam

Complex Analysis

Duration : 180 min. Fall 2008
Notation : D = {z:|z| < 1}, D*(0;r) ={z:|z| <r, 2 #0}, C* =C — {0}.

1. Let Q C C be an open connected region and f : 2 — C be a non-constant
analytic function.

a) Show that det(df(z)) > 0 for all z € Q, except possibly for z in a discrete
set S C €.

Here df is the usual differential of f(z) = w(z,y) + iv(x,y) considered as a
function of two variables.

b) Show that if z € Q2 — S, then there exists a neighborhood U of z in € such
that f|y has an analytic inverse.

b) Can you find a bounded region €2 and f(z) analytic in 2 for which the set
S is infinite 7

Give an example, or prove that there exists no such pair (€2, f).

2. Let f: D*(0; R) — C be a non-constant analytic function and for a € C let
S, = f~Y(a) N D*(0; R/2).

a) Show that there exists no such f for which the set S, is infinite for exactly
one value of a and is finite or empty for all other a € C.

b) Give an example of f: D*(0; R) — C for which the set S, is infinite for all
a € C, except precisely for one value of a.

3. Consider the mapping w : C* — C, w(z) =2+ 1/z.
a) Show that
(i) w(z) is conformal in C* except at z = +1.

(ii) w maps the boundary of the semi-disk U = {z : |z| < 1, Im(z) > 0}
onto the real axis.

(ili) w|y : U — C is an analytic isomorphism onto H_ = {w : Im(w) < 0}.



b) Write the linear fractional transformation 7' : H_ — D which satisfies the
conditions T'(—3:/2) = 0, T'(0) = 1.

(Hint : Can you determine 77*(c0) ?).

¢) Show that we obtain an analytic isomorphism ® = T'ow : U — D such
that ®(:/2) =0, ®'(i/2) > 0 and that & is the unique isomorphism satisfying
these conditions.

. Using complex integration on the given contour I' compute

& d
/ ~ ¥ <a<l
o 1+ x)

NOTE : You must specify the complex function you are integrating and justify
the details of the computation.



TMS
Fall 2009
Complex Analysis

I. 3) Find the conformal map
T:H={z:Imz>0} - De={z:|z| <1}

which satisfies
TE) =0
T(1) =1
{Hint: Consider symmetry).
b) Map the region
Q= {z:0< Re(z) < 2}

conformally onto D.

(Hint: First map ) into H).

2. a) Formulate precisely, the Cauchy theorem for complex integration and its partial converse
(the Morera’s Theorem)
b) Using Morera’s Theorem, prove that every function f which is continuous in the open disk

D and analytic on D — {1/2} is analytic on D.



3. Let f be s meromorphic function in C whose poles all lie on the line y = = (for example
f(z) = tan(%;)) and for r € Ry, let C(r) be the circle [z| = r.
a) For which circles C(r), is fC(T) f(z)dz defined?
b) Show that the formula
oY= [ flads
Clr)

defines a fimction (0,00) ~ D — € where D is a discrete subset of (0,00}
¢) Show that if f(z) has only finitely many poles in C, then there exists some R > 0 such that

F defines a constant function on (R, c0).

4. Consider the open disc D{0,1). Let a,b € D(0,1) be two distinct points.
a) Write the most general analytic automorphism

o D(0,1) — D(0,1)

such that o(a) = 0.

b) Show that Aut(D(0,1)) acts transitively on D(0,1), by writing down

7 e AutD((0,1))

such that 7({a) = b.
¢) True or false? why?
If § ¢ Cis any simply connected region, and if a,b € £, then there exists an analytic

automorphism ¢ : {} — 2 such that ¢(a) = b.



METU - Department of Mathematics
Graduate Preliminary Exam

Complex Analysis
Duration : 180 min. Fall 2010

1. (25 pt.) Consider the following Laurent series

) bn [eS) .
f(Z) = Z z_” + anpz .
n=1 n=0

Suppose that f(z) is analytic in the annulus Q = {z : 0 < |2| < 3} and nowhere
else and that f(z) has a pole of order two at z =0 with Res(f;0) = 1.

a) Determine the coefficients b,, n > 1.

b) Determine

limy, oo |G| n,

c¢) Evaluate

/ 2" f(z)dz
.
as m € Z varies, where v is the square whose vertices are at 1 £, —1 £ 4

oriented counter-clockwise.

d) Can you choose the coefficients so that f(z) vanishes on a sequence
{#, : n > 1} which converges to z = 0 7 Explain.

2. (25 pt.) For any open set Q2 C C and any discrete set S C €2 consider the set
Fa(S) of functions analytic on © which vanish at each z € S to a given order
n(z) and nowhere else.

a) Prove that if f, g € Fc(9), then there exists an entire function h(z) such
that f(z) = e"?g(z).

b) Suppose that S is a non-empty finite set and that f € F¢(S). Discuss the
behaviour of the function 1/f(z) at infinity.

¢) True or false 7 Why 7

The statement in (a) is valid for all simply connected regions €2 and all discrete
sets S C (2.



3. (25 pt.) a) Let f: Qop C C — C be a meromorphic function with an isolated
singularity at z = a € ). Prove that z = a is a simple pole if and only if

there exists an open neighbourhood €' C €2 of z = a and an analytic function
g : £ — C such that g(a) # 0 and

_ 9(2)
fla) =22
for all z € . What is the residue of f(2) at z=a ?
b) Suppose that

A={ze€ C:Re(z) >0}
and T : A — C is an analytic nowhere vanishing function such that
T(z+1) = 2T(2)

for all z € A. Prove that there exists a unique meromorphic function B
T : C — C with simple poles at z = —n, n =0,1,2,... such that T'|y = T.

c¢) Prove that

Res— o (T(2) = “X (1),

4. (25 pt.) a) Given Qop C C and analytic g : 2 — C, prove that for any a €
the function ¥ : ) — C defined by

9(2) = g(a) = (2 = a)g'(a)
U(z) = (z —a)?

¢ (a) for z=a

for z #£ a

is analytic on (2.

b) Let A = {z € C : |z| < 1} and consider an analytic function f : A — C

which satisfies f(0) = f/(0) =0 and |f(z) <1 for all z € A. Prove that
[f(2)] < [

for all z € A and |f"(0)| < 2.

(Hint : Consider the function constructed from f in the manner of (a) and then
apply the maximum principle as in the demonstration of Schwarz’s Lemma.)

¢) Prove that in order for one of the inequalities in (b) to reduce to an equality
even for a single z € A, it is necessary and sufficient that f(z) = cz? for some
c € C with || = 1.
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Duration : 180 min.
Each question is 25 pt.

1. For R > 0, let I'g be the counterclockwise oriented closed curve ob-
tained by joining the following paths, in the given order :

I''r:[0,R] — C defined by I'y g(t) =t
Lop:[0,7/2] = C defined by T'sp(t) = Re"
Fg,R . [O,R] — C defined by F37R(t) = (R — t)Z

Consider the analytic function f: C — {0} — C defined by

for each z # 0 .
(A) Show that z = 0 is a removable singularity of f(z) .
(B) Prove that

f(z)dz=0.

Ir
(C) Prove that
lim f(z)dz=0.

R—o0 g

oo —T
e — COST
——dx=0.
0 T

(D) Prove that



2. Consider
Q={zeC|Im(z) >0}
and

A={zeC||z|<1}.

(A) Given any b € Q prove that the map ¥ = ¥, : C—{b} — C defined
for each z # b by

maps €2 onto A bijectively.
(B) If f:Q — C is analytic and satisfies f(§2) C €2, prove that

f(z) = fla)] _ |z —d
(&)= f(@)] ~ |2 —al
for any z,a € Q,z#a . !
(C) Deduce that

!

() < | mUE)

Im(z) |

for any z € Q) .

'Consider g = Wy o0 fo Wt .



3. Let Q € R? 2 C be an open connected region and let
f=(uv):Q—-C
be a non-constant differentiable function. Consider the set

Zy ={z=(z,y) € Q:det(df (z,y)) = 0}.

a) Give an example f(z,y) for which Z4 is not a discrete subset of €.

b) Suppose that f(z) is an analytic function.

e Show that Zy is discrete.

e Suppose that 2y € Zy and that f(zp) = 0. Show that there exists
an integer n > 1 such that the function g(z) = 1/f(z) maps a
neighborhood of zy analytically onto a neighborhood of oo in an
n-to-one manner.

e Show that if Res(g;20) = 0 then g(z) is the derivative of a
function meromorphic around zj.

4. a) Show that if f(z) is a non-constant entire periodic function, then
f(2) has an essential singularity at occ.

b) Does there exist a non-constant entire doubly periodic function 7
Explain.

(Recall that a meromorphic function f(z) is said to be doubly periodic
with periods wy, ws if wy/we € R and f(z4+wy) = f(2) = f(z + ws)
for all z € C).

c) Let f(z) be a doubly periodic function with periods wy, wy. Let a € C
be such that f(z) has no poles on the boundary of the parellogram

I' whose vertices are at a, a + wy, a + ws, a+ w; + ws.

Show that f(z) has finitely many poles {z1, ..., 2y} in the interor of T
and that

N
Z Res(f;z;) = 0.
1
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Q.1]021Q3] Q4 Total

Duration : 3 hr.

1. (25 = 2045 pt.)

a) Let _ .

F:D(0;1) = C and g:D(0;1) = C
be two continuous functions which are analytic on D(0;1). Show that if f = g
on the unit circle |z| =1, then f = g.

b) Give an example of a pair of snioo’ch functions f,g on D(0;1) such that
f < g on D(0;1) but f(z,y) = g(z,y) on the circle 2+’ =1

2. (25 = T+10+8 pt.)

Let  C C be an open region and let f(z) be a function which is analytic on
Q except for a set of isolated singularities. '

a) Show that Residue(f'(z); %) =0 for all % € {2

b) Show that if f(2) is meromorphic on (2, then the function
g(z) = &

has no poles in €.
(Hint : For z5 € Q, apply the principle of argument to g{(z) in a suitable
neighbourhood of z).

c) Construct an analytic function b : C — {nr : n € Z} — C which has an
essential singularity at each point z, = nw,n € Z.



3. 25=(7+3)+ 7+ 8 pt.)
n(v,a) denotes the index at a € C of the closed curve v : [0, 27} — C ~ {a}.

(A) If b # 0, prove that

n(y", ") = n{~, b).
Prove also that

n(v"*,0) = nn(y,0)
fornecZwithn>1.

(B) If a € C - {0} is an isolated singularity of analytic f(z), prove that any b
with @ = b"™ is an isolated singularity of g(z) = f(z") .

(C) Show that W = n _Res,?(ggzn

4. (25=5+8+ 7+ 5 pt.)
Consider an open Q C Candae Q. Let A={ze€C| |z <1}

(A) If A : © -» C is a continuous function which is analytic on Q — {a}, prove
that A is analytic on €.

(B) Let f: C~ A — A be an analytic function with lim f(z)=0.

Prove that 1
2|

f(z)] <
forallze C— A

(C) Prove that lim (zf(z)) exists and ‘ﬁmz_mo (zf(z)) ‘ <L

Z—300

(D) Prove that in order for any one of the inequalities in (B) and {C) to become
an equality, it is necessary and sufficient that f is a constant.




Complex Analysis
PRELIMINARY EXAMINATION

Monday, 23rd September 2013
Four questions, three hours

[4+6+7+8]

(A) Let f be an entire function. If Re(f) is bounded, prove that f is a constant.

(Consider &/ 1)
(B) Let g be an entire function. If aRe(g) — bIm(g) is bounded, where (a,b) # (G,0),

prove that g is a constant.
(C) Show that for a not identically vanishing entire function h, the quantity = Re(h(z))—

yIm{h(z)) is unbounded, where z =  + iy . :
(D) Does there exist an entire function w with w'(0) = 1 such that

zRe(w(2)) + yIm{w(z)) < 2% + ¢

forallz=z+iyecC.

[12 +13]

{(A) Show that

— 1 =
exp (z 22 )m Z Anz"

= —00

for every z € C — {0} where,

A = 2—17; f:ﬁcos (n@»—-sin@) .

(B) Show - by employing the Taylor expansion of €¥ about w = 0 or otherwise - that

27 ) o (_1)k+1
/0 cos (9+81n9) = kzgm



(5+7+(4+9)]

(A) Let f : © C,, € — C be an analytic function. If a € Q is a zero of f with
multiplicity i > 2, prove that f'(a) = C.

(B) Let g : 2 C,, C — C be another analtytic function, a1, 82,83, -+, an € ) be the
zeros of f with respective multiplicities pi1, p2, s, - -, i enclosed by the simple closed
positively oriented curve I'. Prove that

N

1/9@f@)
— | st dz = On) bin
5 1) ggﬂ )
{C) Prove that the polynomial

22 28 2"

has exactly n distinet rooots b1, by, bg, -+, by € C and

i}?mo
=]

forevery te Nwith2 <t <n.

(749 +9]

{A) Let
Qm{ZEC’iz|>4}.

Show that there exists an analytic function f: Q0 — C with
z

1o —
TE) = e -9 -9
(B) Show that there exists no analytic function g :  —s € with

Z2

S A P T PR

(C) Let
= {zG(C | 2] > 9/4, |z — 3] >1/8} .
Does that there exists an analytic function h: Z — C with

RSl Py P [ Py




Complex Analysis
PRELIMINARY EXAMINATION

Monday, 15th September 2014. Four questions, three hours.

[12+7+6]

(A) Prove that the real and imaginary parts of f : C — C defined by

() e

0 for z=0

have partial derivatives that satisfy the Cauchy-Riemann equations at any z € C.

(B) Is f(2) differentiable as a function of z at z =07

(C) Give conditions under which the Cauchy-Riemann equations are sufficient for
differentiability with respect to z. Indicate why they are not applicable in this case.

[(T+7)+ 11

(A) Given an entire function f evaluate

CI
/FR CECED

for any a,b € C where R > |al, |b| and the contour I'g is the counterclockwise traversed
circle of center 0 € C and radius R. Use this relation to prove the Liouville theorem to
the effect that a bounded entire function reduces to a constant.

(B) Let h be an entire function that h has simple zeros, only. If ¢ is an entire function
which satisfies

9(2)] < |h(2)]
for all z € C, prove that g(z) = ch(z) for some constant ¢ € C with |¢| < 1.



[15+10]

(A) Prove that the polynomial
p(2) =ag+arz + a2 + -+ a2
where ag, ay,as,---,a, € R with
ap > ay > az > -+ > a, >0
has no roots in the open disc

A:{ZEC‘|Z’<1}

(Hint : Consider the polynomials (z — 1)p(z) and a,z""! — ay on the boundary of A .)
(B) Prove that the polynomial

q(z):b0+b1Z+b222—|—...+bnzn
where by, by, by, - - -, b, € R with
by > >0 >2by>0

has exactly n roots (counted with multiplicities) in the closure of A .

(8 417

Use your own choice of branches of the squareroot and the logarithmic function to
prove by calculus of residues, or otherwise, that

* Vxlog (x) 72
—dr = —— .
o r?2+1 2v/2



Preliminary Exam - February, 2015
COMPLEX ANALYSIS

Each question is 25 pt.

1. a) Show that the function
[R5 R f(z,y) = (sin(2z + y), cos(2z + y))

is differentiable everywhere.
Determine all points, if any, where f has a local differentiable inverse.

b) Show that as a complex valued function of the complex variable z = = + iy,

f(2) is nowhere analytic by
(i) checking the Cauchy-Riemann conditions,
(ii) using the topological mapping defined by f.

c) Can you find an entire function g¢(z) such that Re(g(z)) = sin(2x +y) 7
Explain.

2. Let f, g be two entire functions which have simple zeros precisely at

2 1
zn:%mneZ

and no other zeros.

a) Show that the function

f

b) Show that =(z) = ¢"® for some entire function h(z).

@ |~

(z) is entire.



['(2)
f(2)

c) For N > 1,1let ay = / dz where 7 is the circle |z| = 1+ N.
v

True or false 7 Explain.

The series Y °

e converges for all » > 0.

N

. a) Show that if Q2 C C is a domain such that Aut(?) is a finite group, then Q

is not simply connected.
b) True or false ? Give an example or disprove the statement.

There exists an analytic function f:C—0 — C such that f(C—0) =C and

f has an essential singularity at z = 0.

c¢) Show that the family of functions f,(z) = 2",n > 1 is normal in D(0;1),

but not in any region which contains a point on the unit circle.

. Let S ={z, € C:n > 1} be a discrete set and let
f:C—-5—=C

be a holomorphic function.

a) Suppose that Res(f;z1) = 0. Show that there exist R > 0 and a holomor-
d
phic function g(z) in D*(z1; R) such that f(z) = d—g(z)
z

b) Show that f(z) = @(z) for some analytic function h(z) in C — S if and
z
only if Res(f;z,) =0, for all n > 1.



Preliminary Exam - September 2015
COMPLEX ANALYSIS

Each question is 25 pt.

1. Consider the entire function f(z) = 2* + Bz.

a) Determine B if |f(B)| = |B| and at z = 0 the given map defines a rotation
through 6 = n/4.

b) Determine the zeros, poles and all multiple points of the holomorphic map
c) Let g(z) = f(2)™", n > 1. Determine
/ g() ..
|z|=R 9(2)

for all permissible values of R.

2. Consider the function f(z) = e!/*=1),

a) Show that f is holomorphic in C — {0, 1} with essential singularities at

z=0and z = 1.
b) Compute
/ f(z)dz
z=R

for
i)0<R<1, (i) R>1L1

c¢) True or false 7 Why ?

For any pair of positive real numbers {r, '}, f(D*(0;7)) N f(D*(1;r")) # 0.



3. Let >, a,z" be a power series which converges in C to a nowhere vanishing
function f(2).

a) Show that for any given R > 0, there exists a positive integer N such that
for all m > N, the polynomial f,,(z) = " a,2™ has no zeros in D(0; R).

b) True or false ? Explain.
(i) log(f(z)) can be defined as an entire function.

(ii) f extends to a meromorphic function on the extended complex plane if

and only if it is constant.

4. a) Show that if f: D(0; R) — C is holomorphic and |f(z)| < R on |z| = R,
then there exists a unique point a € D(0; R) such that f(a) = a.

b) Show that for a, b € Q (Q a simply connected region), there exists a
holomorphic automorphism
d:0 -0

such that ®(a) =0. Is ® unique ?



