


GRADUATE PRELIMINARY EXAMINATION
ANALYSIS 2 (Complex Analysis)

February 17th, 2005

1. Let G be the group of analytic automorphisms g : D(0 : 1) → D(0 : 1) of the open unit
disc D(0:1) onto itself.

(a) For any two elements z1, z2 in D(0:1), explicitly construct g ∈ G such that g(z1) = z2.
(b) Characterize the elements of G0 = {g ∈ G : g(0) = 0}.
(c) Determine all holomorphic functions f : D(0 : 1) → IC which are G-invariant, i.e.

f(g(z)) = f(z)∀g ∈ G , z ∈ D(0 : 1).
(d) Determine all holomorphic functions f : D(0 : 1) → IC which are G0-invariant.

2. Let f be an entire function which satisfies

f(z) + f(z + 1) = f(2z) ∀z ∈ IC.

(a) Using induction on n show that

f(2nz) =
2n−1∑

k=0

f(z +
k

2n−1
) ∀n ∈ ZZ, n ≥ 1

(b) Let D(0,r) denote the open unit disc with center at 0 ∈ IC and radius r > 0. Using
the Cauchy Integral Formula over the counterclockwise oriented circle of radius 2n

centered at 0 or otherwise, show that for any a ∈ D(0, 1) and n ∈ ZZ, n ≥ 1

|f ′′(a)| ≤ M

2n−4

where M = supz∈D(0:3) |f(z)|.
(c) Prove that f(z) = Az + B for some A,B ∈ IC with A+B=0.

3. Consider the series

f(z) =
∞∑

n=0

zn!.

(a) Show that f(z) defines an analytic function in the open unit disc D(0,1).
(b) Verify that for all k ≥ 1, and for all k-th roots of unity w, ( i.e. wk = 1), f(w) = ∞

holds.
(c) Show that in any arc on the unit circle |z| = 1 , there are N-th roots of unity for

infinitely many N. (Hint: Use the map [0, 1] → {z : |z| = 1}, t 7−→ e2πit to work in
[0,1]).

(d) Using the results of b) and c) show that f(z) cannot be continued analytically to any
domain Ω which properly contains D(0,1).

4. Let Ω be a convex bounded domain and γ a closed smooth curve in Ω. Suppose that f
and g are analytic functions on Ω , f zero free on γ.

(a) Compute the residue of g.f ′
f at a zero of f in Ω.

(b) Compute 1
2πi

∮
γ

g(z)f ′(z)
f(z) dz.
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1. (25 pt.) Consider the entire function f(z) = ez2

.

a) Show that for w ∈ C∗ the set f−1(w) = {z : f(z) = w} 6= ∅ and is
discrete.

b) Can you find w ∈ C∗ for which the set f−1(w) = {z : f(z) = w} is
bounded ? How is your answer related to the behaviour of f(z) at ∞ ?

c) Show that there exists a disc D(0; δ) such that f(z) takes each value
w ∈ f(D(0; δ)) exactly twice in D(0; δ).

2. (25 pt.) Consider the set F of all meromorphic functions on C which
have exactly the following zeros and poles.

Zeros at z1 = 0, z2 = 1 of order 2, 3 respectively, poles at p1 = i, p2 = −i
each of order 2.

a) Write a rational function f0(z) ∈ F .

b) Determine the structure of the most general function g(z) ∈ F .

c) For an arbitrary function g(z) ∈ F , g 6= f0 determine the type of
the singularity at each singular point in C of f0(z).g(z), f0(z) + g(z).

3. (25 pt.) Let D∗(a; R) denote the disc of radius R > 0 with a puncture
at the center a.

a) Write an analytic isomorphism Φ : D∗(0, R1) → D∗(i; R2).

b) Prove that every analytic isomorphism Φ : D∗(0, R1) → D∗(i; R2)
extends to an analytic isomorphism D(0, R1) → D(i; R2).

c) Using Φ you wrote in (a), construct an analytic isomorphism

Ψ : D(0; R1)− {1/2} → D∗(i; R2).



4. (25 pt.) True or false ? Explain.

a) Suppose that f(z) is analytic in D(0; δ) and let g(z) = (f(z)− 1)N

for some integer N ≥ 1. If∫
Γ(r)

dg(z)

g(z)
= 6πiN for all circles Γ(r) : |z| = r, 0 < r < δ

then f(0) = 1, f ′(0) = f ′′(0) = 0 and f
′′′
(0) 6= 0.

b) If g(z) is analytic in Ω = C− {a, b} and satisfies

Residue(g; a) = Residue(g; b) = 0

then for z ∈ Ω the integral F (z) =

∫ z

0

g(u)du is independent of the

path connecting 0 and z.

c) The function f(z) = sin(
√

z2 − 1) has an analytic branch in

C− {z ∈ R : z ≥ 1}.

d) There exist non-constant doubly periodic functions f(z) with simple
poles at each point of the period lattice L = {m + ni : m, n ∈ Z}.
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1. Consider the function f : C→ C defined by

f(x, y) =





x3(1 + i)− y3(1− i)

x2 + y2
for (x, y) 6= (0, 0)

0 at (0,0).

Show that

a) f(x, y) is a continuous function of the variables x and y.

b) The functions u(x, y) = Re(f(x, y)) and v(x, y) = Im(f(x, y)) satisfy the
Cauchy-Riemann equations at z = 0.

c) f ′(z) does not exist at z = 0.

Why does the conclusion in (c) not contradict part (b) ?

2. Let f(z) be a continuous function on the unit circle S1 = {z : |z| = 1}. Show
that the function

F (z) =

∫

S1

f(ξ)

(ξ − z)
dξ

is analytic on D = {z : |z| < 1} and that

F ′(z) =

∫

S1

f(ξ)

(ξ − z)2
dξ.

3. Explain how to choose a branch of f(z) =
√

z2 − 1 which is analytic in
C− [−1, 1].

a) Using this branch and the residue at infinity, compute

∫

Γ

f(z)dz where Γ

is the circle |z| = ρ > 1.

b) Compute the improper integral

∫ 1

0

dx√
x2 − 1

using the complex integral
∫

Γ

dz

f(z)
where Γ is given as

(Hints :
1) Residue at infinity is defined by res(g(z),∞) = -res(g(1/t)/t2, 0).

2) The binomial series is given by (1+z)α =
∑

cnzn where cn =
α.(α− 1)...(α− n + 1)

n!
.)



4. Let f(z) be an analytic function in the unit disk D = {z : |z| < 1} and suppose
that |f(z)| ≤ 1 in D. Prove that if f(z) has at least two fixed points, then
f(z) = z for all z ∈ D.

(Hint : Using a suitable automorphism of the disk reduce to the case where
one of the fixed points is 0 ∈ D so that g(z) = f(z)/z defines an analytic
function on D.)
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1. Evaluate

∫ ∞

0

e−x2

cos(x2)dx using complex integration along the given con-

tour.

(Hint:

∫ ∞

0

e−u2

du =

√
π

2
).

2. Let f : C∗ → C be an analytic map such that for all z ∈ C the set f−1(z) is
finite (if not empty). Show that

(i) z = 0 is not an essential singularity of f .

(ii) If f is bounded in some deleted neighborhood of 0, then f is a polynomial.

3. Recall that the analytic automorphisms of the unit disk D are given by linear

fractional transformations of the form z 7→ eiθ z − α

1− αz
for some θ ∈ [0, 2π) and

α ∈ D.

a) Using this fact prove that the analytic automorphisms of the upper half-
plane H are given by (special) linear fractional transformations.

b) Show that the map Ω = {z : 0 < arg(z) < π
2
} → H, z 7→ z2 is an analytic

isomorphism.

Deduce that if g ∈ Aut(Ω), then there exists a linear fractional transformation
T such that g(z) =

√
T (z2) for a suitable branch of the square root function

(which branch ?).

c) Show that there exists no linear fractional transformation which maps Ω
isomorphically onto D.

4. Let f : C → C be a rational function such that |f(z)| = 1 if |z| = 1. Prove
that there exist c ∈ C, c 6= 0 and α1, ..., αn ∈ C, |αi| 6= 0, 1 and m ∈ Z such
that

f(z) = czm

n∏
1

z − αi

1− αiz
.

1
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Notation : D = {z : |z| < 1}, D∗(0; r) = {z : |z| < r, z 6= 0}, C∗ = C− {0}.

1. Let Ω ⊂ C be an open connected region and f : Ω → C be a non-constant
analytic function.

a) Show that det(df(z)) > 0 for all z ∈ Ω, except possibly for z in a discrete
set S ⊂ Ω.

Here df is the usual differential of f(z) = u(x, y) + iv(x, y) considered as a
function of two variables.

b) Show that if z ∈ Ω− S, then there exists a neighborhood U of z in Ω such
that f |U has an analytic inverse.

b) Can you find a bounded region Ω and f(z) analytic in Ω for which the set
S is infinite ?

Give an example, or prove that there exists no such pair (Ω, f).

2. Let f : D∗(0; R) → C be a non-constant analytic function and for a ∈ C let
Sa = f−1(a) ∩D∗(0;R/2).

a) Show that there exists no such f for which the set Sa is infinite for exactly
one value of a and is finite or empty for all other a ∈ C.

b) Give an example of f : D∗(0; R) → C for which the set Sa is infinite for all
a ∈ C, except precisely for one value of a.

3. Consider the mapping w : C∗ → C, w(z) = z + 1/z.

a) Show that

(i) w(z) is conformal in C∗ except at z = ±1.

(ii) w maps the boundary of the semi-disk U = {z : |z| < 1, Im(z) > 0}
onto the real axis.

(iii) w|U : U → C is an analytic isomorphism onto H− = {w : Im(w) < 0}.



b) Write the linear fractional transformation T : H− → D which satisfies the
conditions T (−3i/2) = 0, T (0) = i.

(Hint : Can you determine T−1(∞) ?).

c) Show that we obtain an analytic isomorphism Φ = T ◦ w : U → D such
that Φ(i/2) = 0, Φ′(i/2) > 0 and that Φ is the unique isomorphism satisfying
these conditions.

4. Using complex integration on the given contour Γ compute∫ ∞

0

dx

xa(1 + x)
, 0 < a < 1.

NOTE : You must specify the complex function you are integrating and justify
the details of the computation.
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1. (25 pt.) Consider the following Laurent series

f(z) =
∞∑

n=1

bn

zn
+

∞∑
n=0

anz
n.

Suppose that f(z) is analytic in the annulus Ω = {z : 0 < |z| < 3} and nowhere
else and that f(z) has a pole of order two at z = 0 with Res(f ; 0) = 1.

a) Determine the coefficients bn, n ≥ 1.

b) Determine
limn→∞|an|1/n.

c) Evaluate ∫
γ

zmf(z)dz

as m ∈ Z varies, where γ is the square whose vertices are at 1 ± i,−1 ± i
oriented counter-clockwise.

d) Can you choose the coefficients so that f(z) vanishes on a sequence
{zn : n ≥ 1} which converges to z = 0 ? Explain.

2. (25 pt.) For any open set Ω ⊂ C and any discrete set S ⊂ Ω consider the set
FΩ(S) of functions analytic on Ω which vanish at each z ∈ S to a given order
n(z) and nowhere else.

a) Prove that if f, g ∈ FC(S), then there exists an entire function h(z) such
that f(z) = eh(z)g(z).

b) Suppose that S is a non-empty finite set and that f ∈ FC(S). Discuss the
behaviour of the function 1/f(z) at infinity.

c) True or false ? Why ?

The statement in (a) is valid for all simply connected regions Ω and all discrete
sets S ⊂ Ω.



3. (25 pt.) a) Let f : Ωop ⊂ C → C be a meromorphic function with an isolated
singularity at z = a ∈ Ω. Prove that z = a is a simple pole if and only if
there exists an open neighbourhood Ω′ ⊂ Ω of z = a and an analytic function
g : Ω′ → C such that g(a) 6= 0 and

f(z) =
g(z)

z − a

for all z ∈ Ω′. What is the residue of f(z) at z = a ?

b) Suppose that
Λ = {z ∈ C : Re(z) > 0}

and T : Λ → C is an analytic nowhere vanishing function such that

T (z + 1) = zT (z)

for all z ∈ Λ. Prove that there exists a unique meromorphic function
T : C → C with simple poles at z = −n, n = 0, 1, 2, ... such that T |Λ = T .

c) Prove that

Resz=−n(T (z)) =
(−1)n

n!
T (1).

4. (25 pt.) a) Given Ωop ⊂ C and analytic g : Ω → C, prove that for any a ∈ Ω
the function Ψ : Ω → C defined by

Ψ(z) =


g(z)− g(a)− (z − a)g′(a)

(z − a)2
for z 6= a

1
2
g′′(a) for z = a

is analytic on Ω.

b) Let ∆ = {z ∈ C : |z| < 1} and consider an analytic function f : ∆ → C
which satisfies f(0) = f ′(0) = 0 and |f(z) ≤ 1 for all z ∈ ∆. Prove that

|f(z)| ≤ |z|2

for all z ∈ ∆ and |f ′′(0)| ≤ 2.

(Hint : Consider the function constructed from f in the manner of (a) and then
apply the maximum principle as in the demonstration of Schwarz’s Lemma.)

c) Prove that in order for one of the inequalities in (b) to reduce to an equality
even for a single z ∈ ∆, it is necessary and sufficient that f(z) = cz2 for some
c ∈ C with |c| = 1.
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Each question is 25 pt.

1. For R > 0, let ΓR be the counterclockwise oriented closed curve ob-
tained by joining the following paths, in the given order :

Γ1,R : [0, R] → C defined by Γ1,R(t) = t
Γ2,R : [0, π/2] → C defined by Γ2,R(t) = Reti

Γ3,R : [0, R] → C defined by Γ3,R(t) = (R− t)i.

Consider the analytic function f : C− {0} → C defined by

f(z) =
e−z − eiz

z

for each z 6= 0 .

(A) Show that z = 0 is a removable singularity of f(z) .

(B) Prove that ∫
ΓR

f(z)dz = 0 .

(C) Prove that

lim
R→∞

∫
Γ2,R

f(z)dz = 0 .

(D) Prove that ∫ ∞

0

e−x − cos x

x
dx = 0 .



2. Consider
Ω = {z ∈ C | Im(z) > 0}

and
∆ = {z ∈ C | | z | < 1} .

(A) Given any b ∈ Ω prove that the map Ψ = Ψb : C−{b̄} → C defined
for each z 6= b̄ by

Ψ(z) =
z − b

z − b̄

maps Ω onto ∆ bijectively.

(B) If f : Ω → C is analytic and satisfies f(Ω) ⊆ Ω, prove that

|f(z)− f(a)|
|f(z)− f(a)|

≤ |z − a|
|z − ā|

for any z, a ∈ Ω, z 6= a . 1

(C) Deduce that

|f ′
(z)| ≤ |Im(f(z))

Im(z)
|

for any z ∈ Ω .

1Consider g = Ψf(a) ◦ f ◦Ψ−1
a .



3. Let Ω ⊂ R2 ∼= C be an open connected region and let

f = (u, v) : Ω → C

be a non-constant differentiable function. Consider the set

Zdf = {z = (x, y) ∈ Ω : det(df(x, y)) = 0}.

a) Give an example f(x, y) for which Zdf is not a discrete subset of Ω.

b) Suppose that f(z) is an analytic function.

• Show that Zdf is discrete.

• Suppose that z0 ∈ Zdf and that f(z0) = 0. Show that there exists
an integer n > 1 such that the function g(z) = 1/f(z) maps a
neighborhood of z0 analytically onto a neighborhood of ∞ in an
n-to-one manner.

• Show that if Res(g; z0) = 0 then g(z) is the derivative of a
function meromorphic around z0.

4. a) Show that if f(z) is a non-constant entire periodic function, then
f(z) has an essential singularity at ∞.

b) Does there exist a non-constant entire doubly periodic function ?
Explain.

(Recall that a meromorphic function f(z) is said to be doubly periodic
with periods w1, w2 if w1/w2 6∈ R and f(z + w1) = f(z) = f(z + w2)
for all z ∈ C).

c) Let f(z) be a doubly periodic function with periods w1, w2. Let a ∈ C
be such that f(z) has no poles on the boundary of the parellogram

Γ whose vertices are at a, a + w1, a + w2, a + w1 + w2.

Show that f(z) has finitely many poles {z1, ..., zN} in the interor of Γ
and that

N∑
1

Res(f ; zi) = 0.
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1

[ 12 + 7 + 6 ]

(A) Prove that the real and imaginary parts of f : C→ C defined by

f(z) =


exp

(
− 1

z4

)
for z 6= 0

0 for z = 0

have partial derivatives that satisfy the Cauchy-Riemann equations at any z ∈ C.
(B) Is f(z) differentiable as a function of z at z = 0 ?
(C) Give conditions under which the Cauchy-Riemann equations are sufficient for

differentiability with respect to z. Indicate why they are not applicable in this case.

2

[ (7 + 7) + 11 ]

(A) Given an entire function f evaluate∫
ΓR

f(z)

(z − a)(z − b)
dz

for any a, b ∈ C where R > |a|, |b| and the contour ΓR is the counterclockwise traversed
circle of center 0 ∈ C and radius R . Use this relation to prove the Liouville theorem to
the effect that a bounded entire function reduces to a constant.

(B) Let h be an entire function that h has simple zeros, only. If g is an entire function
which satisfies

|g(z)| ≤ |h(z)|

for all z ∈ C , prove that g(z) = ch(z) for some constant c ∈ C with |c| ≤ 1 .



3

[ 15 + 10 ]

(A) Prove that the polynomial

p(z) = a0 + a1z + a2z
2 + · · ·+ anz

n

where a0, a1, a2, · · · , an ∈ R with

a0 ≥ a1 ≥ a2 ≥ · · · ≥ an > 0

has no roots in the open disc

∆ =
{
z ∈ C

∣∣∣ |z| < 1
}

.

(Hint : Consider the polynomials (z − 1)p(z) and anz
n+1 − a0 on the boundary of ∆ .)

(B) Prove that the polynomial

q(z) = b0 + b1z + b2z
2 + · · ·+ bnz

n

where b0, b1, b2, · · · , bn ∈ R with

bn ≥ · · · ≥ b1 ≥ b0 > 0

has exactly n roots (counted with multiplicities) in the closure of ∆ .

4

[ 8 + 17 ]

Use your own choice of branches of the squareroot and the logarithmic function to
prove by calculus of residues, or otherwise, that∫ ∞

0

√
x log (x)

x2 + 1
dx =

π2

2
√

2
.
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1. a) Show that the function

f : R2 → R2, f(x, y) = (sin(2x+ y), cos(2x+ y))

is differentiable everywhere.

Determine all points, if any, where f has a local differentiable inverse.

b) Show that as a complex valued function of the complex variable z = x+ iy,

f(z) is nowhere analytic by

(i) checking the Cauchy-Riemann conditions,

(ii) using the topological mapping defined by f .

c) Can you find an entire function g(z) such that Re(g(z)) = sin(2x + y) ?

Explain.

2. Let f, g be two entire functions which have simple zeros precisely at

zn =
(2n+ 1)

2
π, n ∈ Z

and no other zeros.

a) Show that the function
f

g
(z) is entire.

b) Show that
f

g
(z) = eh(z) for some entire function h(z).



c) For N ≥ 1, let aN =

∫
γ

f ′(z)

f(z)
dz where γ is the circle |z| = 1 +Nπ.

True or false ? Explain.

The series
∑∞

1

1

a1+rN

converges for all r > 0.

3. a) Show that if Ω ⊂ C is a domain such that Aut(Ω) is a finite group, then Ω

is not simply connected.

b) True or false ? Give an example or disprove the statement.

There exists an analytic function f : C−0→ C such that f(C−0) = C and

f has an essential singularity at z = 0.

c) Show that the family of functions fn(z) = zn, n ≥ 1 is normal in D(0; 1),

but not in any region which contains a point on the unit circle.

4. Let S = {zn ∈ C : n ≥ 1} be a discrete set and let

f : C− S → C

be a holomorphic function.

a) Suppose that Res(f ; z1) = 0. Show that there exist R > 0 and a holomor-

phic function g(z) in D∗(z1;R) such that f(z) =
dg

dz
(z).

b) Show that f(z) =
dh

dz
(z) for some analytic function h(z) in C − S if and

only if Res(f ; zn) = 0, for all n ≥ 1.
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1. Consider the entire function f(z) = z2 +Bz.

a) Determine B if |f(B)| = |B| and at z = 0 the given map defines a rotation

through θ = π/4.

b) Determine the zeros, poles and all multiple points of the holomorphic map

f : Ĉ→ Ĉ.

c) Let g(z) = f(z)−n, n ≥ 1. Determine∫
|z|=R

g′(z)

g(z)
dz

for all permissible values of R.

2. Consider the function f(z) = e1/z(z−1).

a) Show that f is holomorphic in C − {0, 1} with essential singularities at

z = 0 and z = 1.

b) Compute ∫
z=R

f(z)dz

for

(i) 0 < R < 1, (ii) R > 1.

c) True or false ? Why ?

For any pair of positive real numbers {r, r′}, f(D∗(0; r)) ∩ f(D∗(1; r′)) 6= ∅.



3. Let
∑∞

0 anz
n be a power series which converges in C to a nowhere vanishing

function f(z).

a) Show that for any given R > 0, there exists a positive integer N such that

for all m ≥ N , the polynomial fm(z) =
∑m

0 anz
n has no zeros in D(0;R).

b) True or false ? Explain.

(i) log(f(z)) can be defined as an entire function.

(ii) f extends to a meromorphic function on the extended complex plane if

and only if it is constant.

4. a) Show that if f : D(0;R)→ C is holomorphic and |f(z)| < R on |z| = R,

then there exists a unique point a ∈ D(0;R) such that f(a) = a.

b) Show that for a, b ∈ Ω (Ω a simply connected region), there exists a

holomorphic automorphism

Φ : Ω→ Ω

such that Φ(a) = b. Is Φ unique ?


