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1. Consider the set M = {(x, y, z, w) ∈ R4 | x2 +y2 = 1 , z2 +w2 = 1} ⊆
R4 .

(a) Prove that M is an (imbedded) submanifold of R4.

(b) Describe the tangent vectors of M at an arbitrary point (a, b, c, d) ∈
M .

(c) Write down a nowhere vanishing vector field on M .

(d) Let ω = (ydx−xdy)∧(wdz−zdw) ∈ Ω(R4). Show that
∫
M i?(w) >

0 where i : M → R4 is the inclusion map (Hint: Write a local
parametrization for M).

(e) A consequence of Poincaré Lemma is that every closed form on
Rn for any n is also exact. Prove that there exists no 4-form
θ ∈ Ω(R4) with dθ = 0 such that

∫
M i?(θ) 6= 0 .

2. Consider the the (k − 1) dimensional sphere Sk−1 as a submanifold
of Sk via the usual embeddding (x1, x2, . . . , xk) → (x1, x2, . . . , xk, 0).
Show that the orthogonal complement to Tp(Sk−1) in Tp(Sk) is spanned
by the vector (0, 0, . . . , 1).

3. Let ω be a compactly supported 2-form

w = f1 dx2 ∧ dx3 + f2 dx3 ∧ dx1 + f3 dx1 ∧ dx2

on R3. Let S be the graph of a function G : R2 → R. Compute the
integral

∫
S ω, and show that it is equal to

∫
R2(~F .~u) ‖~n‖ dx1 ∧ dx2

where ~F = (f1, f2, f3), ~u = ~n
‖~n‖ with ~n = (− ∂G

∂x1
,− ∂G

∂x2
, 1).

4. Consider the sets

M1 = {[u, v, w] ∈ RP 2 | u2 + v2 = w2} ⊆ RP 2 .

M2 = {[u, v, w] ∈ RP 2 | u2 − v2 = w2} ⊆ RP 2 .



(a) Prove that M1 is an (imbedded) submanifold of RP 2 diffeomor-
phic to S1 (Hint: Consider the image of M1 under a suitable chart
of RP 2).

(b) Find a diffeomorphism F : RP 2 → RP 2 such that F (M1) = M2.
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1.a. Let v1 = (2,−3,−1), v2 = (0, 4, 8) and v3 = (2, 0, 0) be vectors in R3. Calculate
(dx ∧ dz)(v1, v2) and (dx ∧ dy ∧ dz)(v1, v2, v3).

1.b. Let ω = (−2x + y) dx ∧ dy, a 2-form on R2, and f : R3 → R2 be given by
f(r, s, t) = (r − t, r2s). Calculate f ∗(ω), the pullback of ω by f .

1.c. Repeat Part (b) for the constant function f(r, s, t) = (2,−5), for any (r, s, t) ∈
R3.

2.a. Let ω be the 2-form on R3 − {(0, 0, 0)} given by

ω =
1

4π

x dy ∧ dz − y dx ∧ dz + z dx ∧ dy

(x2 + y2 + z2)3/2
.

Show that ω is closed.

2.b. Calculate the integral of ω over the 2-torus shown in the figure below. What
would your answer be if the origin were inside the 2-torus?

3.a. Show that the smooth map Φ : S2 → R5, given by Φ(x, y, z) = (x2, y2, xy, xz, yz)
is an immersion, where S2 is the unit sphere in R3.

3.b. Show that Φ is a 2-to-1 map with Φ(x, y, z) = Φ(−x,−y−, z). Conclude that
Φ gives a closed embedding of the real projective plane RP 2 = S2/ ∼, where the
equivalence relation ∼ on S2 is defined by, for p, q ∈ S2 we have p ∼ q if and only
if p = −q.
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4.a. Show that 1 is a regular value of the smooth map F : R4 → R given by
F (a, b, c, d) = ad− bc. Conclude that the set of 2× 2-matrices of determinant one,
SL(2, R), is a submanifold of the manifold of all 2×2-matrices M(2, R) = R4. What
is the dimension of SL(2, R)?

4.b. Is 0 ∈ R a regular value of the same F? Justify your answer.
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1. Let f : R2 → R be defined by

f(x, y) = x3 + xy + y3 + 1 .

For which of the points p = (0, 0), p = (1/3, 1/3), p = (−1/3,−1/3) is f−1(f(p)) an
imbedded submanifold in R2 ?

2. Let M be the hyperboloid of two sheets given by y2 − z2 − x2 = 1.

(a) Let p ∈M . Explain how we can identify TpM by a subspace of R3 using a chart at p.

(b) Describe Tp(M) as a subspace of R3 if p = (0, 2,
√

3).

(c) Determine whether the map which assigns to each point q = (x, y, z) the vector (y, x+
z, y) is a smooth vector field on M.

3. Let F : M → N be a smooth function between the manifolds M and N and let a be a
smooth function on M .

(a) Show that F ∗(da) = d(F ∗(a))

(b) Verify the formula F ∗d = dF ∗ on the forms of type φ1 ∧ φ2 where φ1 and φ2 are
1-forms.

(c) Let g : R3 → R2 be given by

g(x, y, z) = (xy, x2yz)

Compute g∗(2xydx ∧ dy)

4. Let
α =

1
2π

xdy − ydx
x2 + y2

(a) Prove that α is a closed 1-form on R2 \ 0

(b) Compute the integral of α over the unit circle S1 ?

(c) How does this shows that α is not exact?



Differentiable Manifolds
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Duration: 3 hr.

1. Let S2 be the unit sphere in R3. Consider it with the topology relative to R3. Let

i : S2 → R3 be the inclusion map.

(a) Show that i is an immersion.

(b) Is i an embedding? Why?

2. Let M,N be two differentiable manifolds and f : M → N be a smooth map. Define a

new map F : M →M ×N by F (p) = (p, f(p)).

(a) Show that F is smooth.

(b) Show that F∗(v) = (v, f∗(v)) where F∗ and f∗ are induced maps at a point p of M

and v is a tangent vector of M at p.

(c) Show that the tangent space to graph(f) at the point (p, f(p)) is the graph of f∗ :

TpM → Tf(p)N

3. Consider the 1-form w = (x2 + 7y)dx + (−x + ysin y2)dy on R2.

(a) Is w exact? Is it closed?

(b) Compute the integral of w over each side of the triangle whose vertices are

(0, 0), ((1, 0), (0, 2) where the sides are oriented in such a way that the triangle is

oriented counterclockwise.

4. Let F: Rn+1 → Rn+1 be the map F (p) = −p.

(a) What is the induced map F∗? Why?

(b) Show that antipodal map A : Sn → Sn which is the restriction of F on the n-sphere

is orientation preserving if and only if n is odd.

(c) Prove that the real projective space RPn is orientable if and only if n is odd.
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1. We identify R4 with the set of 2× 2 real matrices.

(5 pts.) (a) Show that the set SL(2, R) of 2× 2 real matrices whose determinant is equal

to 1 is a submanifold of R4. What is its dimension?

(5 pts.) (b) Prove that the tangent space to SL(2, R) at the identity matrix

A =

(
1 0

0 1

)
, may be identified with the set of matrices of zero trace.

2. (3 pts.) (a) Show that the 1-form ω =
xdy − ydx

x2 + y2
defined on R2 − {(0, 0)} is closed.

(3 pts.) (b) Calculate the integral

∫
S1

ω, where S1 is the unit circle in R2.

(4 pts.) (c) Let Σ be the smooth surface shown below with boundary C. Prove that

there is no smooth map φ : Σ → S1 such that φ|C : C → S1, the restriction of φ to the

boundary C, is a diffeomorphism.

3. Let f : X → Y is a smooth map between manifolds, f ∗ is the induced map between

the algebras of differential forms of X and Y and d is the exterior derivative.
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(5 pts.) (a) Prove that d ◦ f ∗ = f ∗ ◦ d.

(5 pts.) (b) If X = ∂W for some compact smooth manifold W , and ω is a closed n-form

on Y with n = dim X, then show that∫
X

f ∗(ω) = 0.

4. (10 pts.) A curve in a manifold X is a smooth map t 7→ c(t) of an interval of R1 into

X. The velocity vector of the curve c at time t0 - denoted simply by
dc

dt
(t0) is defined to

be the vector dct0(1) ∈ Tx0X, where x0 = c(t0) and dct0 : R1 → Tx0X is the differential of

c at t0. In case X = Rk and c(t) = (c1(t), · · · , ck(t)) in coordinates, check that

dc

dt
(t0) = (c′

1(t), · · · , c′
k(t)).

Prove that any vector in TxX is the velocity vector of some curve in X, and conversely.
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1. Consider (0, 2)-tensor field T and a (1, 1)-tensor field S on R2, with the
components Ti,j = Si

j = i− j +2, i, j = 1, 2, where R2 is considered as
a manifold with usual coordinates (i.e. with coordinates with respect
to the standard basis e1, e2)

(a) Determine the components Tαβ Sα
β of T and S when the coordi-

nates in R2 are considered with respect to the basis f1 = e1 + e2

and f2 = 2e1 + e2

(b) Determine the components of AltT and SymT with respect to
the basis e1, e2).

2. For each point p = [u, v, w] on RP 2 define curves γp and σp by

γp(t) = [u, e−tv, e−tw]
σp(t) = [u cos t− v sin t, u sin t + v cos t, w]

for t ∈ R. Consider the vector fields A,B ∈ X(RP 2) which assigns the
values γ′p(0) and σ′p(0) respectively to each point p ∈ RP 2

(a) Introduce a chart of your own choice on RP 2 and find local
expressions for A,B on this chart.

(b) Find local expressions for the Lie bracket [A, B] on the same
chart.

(c) For each point p = [u, v, w] on RP 2 find a curve θp : R → RP 2

such that θp(0) = p and [A,B] takes the value θ′p(0) at the point
p ∈ RP 2.

3. Consider the two dimensional sphere

S2 = {(u, v, w) ∈ R3 | u2 + v2 + w2 = 1} ⊆ R3



with its usual smooth structure and the smooth maps f, g : S2 → R
defined by

f((u, v, w)) = w

g((u, v, w)) = u

(a) Evaluate the integral ∫

M
df ∧ dg

where M is the manifold with boundary defined by

M = {(u, v, w) ∈ S2 | v ≥ 0}

without employing Stokes’ theorem.

(b) Use Stokes’ theorem to evaluate the same integral.

4. Let M be a compact manifold and let f : M → N be a submersion
where N is an arbitrary manifold with dimM = dimN . Define a
function ϕ : N → R ∪ {∞} by

ϕ(y) = number of points in f−1(y)

(a) Prove that ϕ(y) is finite for each y ∈ N .

(b) Prove that ϕ : N → R is a locally constant function.
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1. a) Show that a one-to-one immersion of a compact manifold is an imbedding.

b) Explain, in full details, why the map φ : (−π, π) → R2, φ(s) = (sin(2s), sin(s))
shows that the conclusion in part (a) is false if X is not compact.

2. Let SLn(R) denote the n× n real matrices with determinant 1.

a) Show that SLn(R) is a submanifold of the n× n matrices Mn(R).

b) Show that the tangent space to SLn(R) at the identity matrix I is
TISLn(R) = {A ∈ Mn(R) : trace(A) = 0}.

3. a) What is meant by an orientation on a manifold ?

b) Show that Sn = {x ∈ Rn+1 : |x| = 1} is an oriented manifold, by defining
an orientation on it.

c) Show that the antipodal map Sn → Sn, x 7→ −x is orientation preserving
if and only if n is odd.

d) Using (c), or otherwise show that RP n is orientable if and only if n is odd.

4. a) Show that X = {(x, y, z) ∈ R3 : x2 + y2 = 1} is a closed submanifold of R3.

b) Verify that the restriction ω|X of ω =
xdy − ydx

x2 + y2
is a closed 1-form on X.

c) Calculate

∫

S

ω|X , where S is the circle {(x, y, 3) : x2 + y2 = 1} ⊂ X.

Is ω|X an exact form ? Why ?

d) Consider the mapping Ψ : R2 → X, Ψ((s, t)) = (cos(s), sin(s), t). Show
that Ψ is a differentiable map and that the form Ψ∗(ω|X) is exact.
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1. Let Φ : M → N be a submanifold where dim(M) > 1 and let

Φ∗ : C∞(N,R) → C∞(M,R)

be the restriction map f 7→ f ◦ Φ.

a) Show that in general Φ∗ is neither injective nor surjective.

b) Prove that if Φ is a closed imbedding then Φ∗ is surjective.

2. Consider the vector field v =
∂

∂x
+ y

∂

∂y
on R2.

a) Find the integral curve of v through (a, b) ∈ R2.

b) Find a smooth map R2 → R such that the fibers are given by the integral
curves of v.

c) Find a 1-form w which annihilates v. Is w exact ?

3. Let S2 ⊂ R3 be the unit sphere with its standard smooth manifold structure.
For vectors a, b ∈ R3, let a × b and 〈a,b〉 respectively denote the vector
product and the inner product.

a) Let n be the outward normal vector on S2. Given σ ∈ ∧1(S2) defined by

σ(X) = 〈[1, 1, 1], X × n〉

prove that σ = i∗(Σ) where i : S2 → R3 is the identity imbedding and

Σ = (y − z)dx + (z − x)dy + (x− y)dz.

b) Find Ω ∈ ∧2(R3) such that the volume element w ∈ ∧2(S2) can be written
in the form w = i∗(Ω).

c) Does there exist θ ∈ ∧1(R3) such that w = i∗(dθ) ? Explain.
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4. True or false ? Explain (give a counter example if appropriate).

a) There exists no compact smooth 2-manifold M which admits an immersion
M → R2.

b) Let M be the compact surface and Γ be the oriented curve given in the

figure. If w is a 1-form such that

∫

Γ

w 6= 0, then w is not a closed form.

c) Let M, N be smooth manifolds with dim(N) > dim(M) and let Φ : N → M
be a non-constant smooth map. If for some y ∈ M the set Φ−1(y) is a smooth
submanifold of N, then y is a regular value of Φ.
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1. a) Let ω = (x + y) dx ∧ dy, a 2-form on R2, and f : R3 → R2 be given
by f(r, s, t) = (r− t + s, er + t). Calculate f ∗(ω), the pullback of ω by
f .

b) Consider the vector field on the plane

X = 2
∂

∂x
− xy

∂

∂y
.

Calculate X(g) for any smooth function g : R2 → R.

c) Calculate the bracket of the vector fields, [X, Y ], where

X = 2
∂

∂x
− xy

∂

∂y
and Y = ey ∂

∂x
+ x

∂

∂y
.

2. a) Consider the real projective plane as the quotient space

P : S2 → RP 2 = S2/ ∼, (x, y, z) 7→ [x : y : z],

where ∼ is the equivalence relation on the unit two sphere S2 defined
by, (x1, y1, z1) ∼ (x2, y2, z2) if and only if (x1, y1, z1) = −(x2, y2, z2).
Show that

F : RP 2 → R5, [x : y : z] 7→ (x2, y2, xy, yz, zx),

is a smooth embedding.

b) Let σ : S2 → S2 be the antipodal map given by

σ(x, y, x) = −(x, y, z).
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Show that for the above map P : S2 → RP 2 we have P = P ◦ σ. Let
ω = x dy ∧ dz + y dz ∧ dx + z dx ∧ dy a 2-form on S2. Prove that
ω 6= P ∗(ν), for any 2-form ν on the real projective plane.

3. a) Let f : K → Rn and g : L → Rn be embeddings of smooth
manifolds, so that dim K + dim L < n. Consider the smooth mapping

φ : K × L → Rn, (p, q) 7→ f(p)− g(q), (p, q) ∈ K × L .

Show that a vector v ∈ Rn is a regular value for φ is and only if the
images of the maps f : K → Rn and

g + v : L → Rn, q 7→ g(q) + v

are disjoint.

b) Let f : S1 → R3 and g : S1 → R3 be embeddings of the circle
into R3. Using Part (a) conclude that for any ε > 0 there is a vector
v ∈ R3 with ‖v‖ < ε, so that the embedded circles f(S1) and

g(S1) + v = {g(q) + v | q ∈ S1}

are disjoint.

4. A two-form ω on an oriented smooth four manifold, M4, is called
symplectic if it is both closed, dω = 0, and satisfies

(ω ∧ ω)(p)(e1, e2, e3, e4) > 0,

at any point p ∈ M , where ei, i = 1, 2, 3, 4, are any set ordered basis
(giving the chosen orientation of the manifold) vectors in TpM

4.

a) Show that the two form ω = dx1 ∧ dx2 + dx3 ∧ dx4 is a symplectic
form on R4.

b) Show that the above form satisfies ω = dα, for the 1-form

α = x1 dx2 + x3 dx4 .

c) Show that a symplectic form ν on a compact oriented four di-
mensional manifold, M4, cannot be an exact form (Hint: Use Stokes
theorem).

2











GEOMETRY TMS EXAM
October 01, 2015

Duration: 3 hours.

(1) Let f : R3 7→ R4 be the map defined by f(x, y, z) = (x2 − y2, xy, xz, yz). Consider RP 2 as S2/ ∼
where p ∼ −p for all p ∈ S2.
a) Write down a chart for RP 2.
b) Let F : RP 2 7→ R4 induced by f . Find F∗.
c) Is F embedding? Why?

(2) a) Show that the set SL(2,R) of 2×2 real matrices whose determinant is equal to 1 is a submanifold
of R4. What is its dimension?
b) Prove that the tangent space to SL(2,R) at the identity matrix A = I may be identified with the set
of matrices of zero trace.

(3) Let M be an even dimensional manifold, dimM = 2n. A differential form ω ∈ Ω2(M) is said to be
non-degenerate if

∧nω := ω ∧ · · · ∧ ω ∈ Ω2n(M)

is a volume form. Show that on a compact orientable manifold M without boundary a non-degenerate
2-form ω cannot be exact.

(4) Let ω =
xdy − ydx

2π
∈ Ω1(R2) and f : S1 −→ S1 defined by f(z) = zk, k ∈ Z+. Calculate∫

S1

f∗(w).

(5) On R4 with coordinates (x, y, z, w) consider the following vector fields; X1 = x
∂

∂y
− y ∂

∂x
and

X2 = y
∂

∂z
− z ∂

∂y
and 2-form ω = xdx ∧ dy + zdz ∧ dw. Compute the following:

a) [X1, X2]
b) dω
c) Φ∗(ω) where Φ : R2 −→ R4 is the map Φ(t, u) = (t cos t, u, t sin t, u).




