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Graduate Preliminary Examination
Geometry
Duration: 3 hours

1, Let 5% be the unit circle in R*. Considering S* oriented by outer
normal field

a) exhibit a positively oriented basis of the tangent space for each point
of 5%,

b) determine whether the reflection F : §2 — 52 which is given by
F(z,y,2) = (#,—v,2) is orientation preserving or not,

2. Let XY be smooth vector fields on a smooth manifold M. Then XV
defined by (XY)(f) = X(Y f) makes sense as a smooth operator. We know
that [X,Y] = XY = VX is a smooth vector field.

a) Show that [fX,gY] = fg[X.Y]+ f(Xg)Y — g(Y f)X for all smooth
real valued functions f and g on M.

b) Let (Us 2y, - -, zn) be a coordinate neighborhod on M and let {;2-,---, 22}

Bay " Brs

be the associated coordinate frames. Show that [a%*a_ij = 0 for each i.7
withl<i<n, 1<j<n

¢) Assuming that M =2, compute the components of [X, ¥] in terms
of the components of X and Y with respect to a coordinate neighborhood.

3. Let £/ : M — N be a smooth map, ¢ € N a regular value and
L = F~'(q) C M. Show that for any p € L the tangent space T,L is the
kernel of the induced map F, : T,M — T,N.

4. Let w be the 2-form on R*\ (0,0,0) given by w = d(zrirzdy)-
a) Find the local expression of the pull back of w on M with respect to
the local parametrization



r = 2cos u (14+cose)—2

2sin u (1+cosv)

(=3
I

2z = sinv u,v € (0,27).

b) Find w.

M
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1. Consider the set M = {(z,y,z,w) € R* | 22 +92 =1, 22+ w? =1} C
R* .

(a) Prove that M is an (imbedded) submanifold of R*.

(b) Describe the tangent vectors of M at an arbitrary point (a, b, ¢, d) €
M .

(c) Write down a nowhere vanishing vector field on M .

(d) Let w = (ydz—zdy)A(wdz—zdw) € Q(R*). Show that [}, i(w) >
0 where i : M — R* is the inclusion map (Hint: Write a local
parametrization for M).

(e) A consequence of Poincaré Lemma is that every closed form on
R™ for any n is also exact. Prove that there exists no 4-form
0 € Q(R*) with df = 0 such that [, i*(6) #0 .

2. Consider the the (k — 1) dimensional sphere S*~! as a submanifold
of S* via the usual embeddding (x1,z2,...,2;) — (z1,29,...,xs,0).
Show that the orthogonal complement to 7,,(S*~1) in T},(S*¥) is spanned
by the vector (0,0,...,1).

3. Let w be a compactly supported 2-form

w = f1 dee ANdxs + fo dxs Adzy + f3 dry A dxs

on R3. Let S be the graph of a function G : R? — R. Compute the
integral [yw, and show that it is equal to [g.(F.a@) ||7i|| dzy A dxo
where F = (f1, f2, f3), U= % with 77 = (—E, -G 1).

4. Consider the sets
My = {[u,v,w] € RP? | u? + v* = w?} CRP? .
My = {[u,v,w] € RP? | u? —v? =w?} CRP? .



(a) Prove that M is an (imbedded) submanifold of RP? diffeomor-
phic to S! (Hint: Consider the image of M under a suitable chart
of RP?).

(b) Find a diffeomorphism F : RP? — RP? such that F(M;) = M.
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l.a. Let v; = (2,-3,—1), vy = (0,4, 8) and v3 = (2,0,0) be vectors in R®. Calculate
(dx N dz)(vi,v2) and (dz A dy A dz) (v, va, v3).

1.b. Let w = (—2z +y) dz A dy, a 2-form on R? and f : R® — R? be given by
f(r,s,t) = (r —t,r%s). Calculate f*(w), the pullback of w by f.

1.c. Repeat Part (b) for the constant function f(r,s,t) = (2, —5), for any (r,s,t) €
R3.

2.a. Let w be the 2-form on R — {(0,0,0)} given by

1l zdyNdz—ydr ANdz+ z dx Ndy
A (22 + 42 + 22)3/2 :

w =

Show that w is closed.

2.b. Calculate the integral of w over the 2-torus shown in the figure below. What
would your answer be if the origin were inside the 2-torus?

3.a. Show that the smooth map ® : S? — R®, given by ®(z,y, 2) = (2%, 9%, 2y, 22, y2)
is an immersion, where S? is the unit sphere in R3.

3.b. Show that ® is a 2-to-1 map with ®(x,y, z) = &(—z, —y—, 2). Conclude that
® gives a closed embedding of the real projective plane RP? = S?/ ~, where the
equivalence relation ~ on S? is defined by, for p,q € S? we have p ~ ¢ if and only

if p=—q.



4.a. Show that 1 is a regular value of the smooth map F : R* — R given by
F(a,b,c,d) = ad — be. Conclude that the set of 2 x 2-matrices of determinant one,
SL(2,R), is a submanifold of the manifold of all 2 x 2-matrices M (2, R) = R*. What
is the dimension of SL(2,R)?

4.b. Is 0 € R a regular value of the same F'? Justify your answer.
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1.a) Let w = (z + yz) dz A dy + dz A dz, a 2-form on R®, and
f:R? — R® be given by f(s,t) = (t+ s,2s +¢'). Calculate f*(w), the
pullback of w by f.

1.b) Consider the vector field on the space
0 0 s,
X = 2:8»8“; — :cygi + T2
Calculate X(g) for any smooth function g:R* — R.

2.a) Let w be the 1-form on R® — {(z,y,2) | z = 0, y = 0} given by
1 ady—ydz
W — T
2n z? b y?
Show that w is closed.

2.b) Calculate the integral of w over the circles shown in the figure
below.
Ci={(@y,2) €R*| 2=0, 2" +y’ =1},
Co={(z,y,2) R |o=1, y* + 22 =1}

= R




2 FEBRUARY 18, 2011

3.a) Prove that the subset C = {(z,y,2) € R® | 2* =2® + 4 + 1}
is a smooth manifold by showing that 0 € R is a regular value for
the function f:R® = R, flz,y,2) = 2% —2% —y* — 1. What is its
dimension? Describe its tangent space at any point (a,b,c) € C.

3.b) Calculate the differential the smooth map @ : M(n) — S{n),
®(A) = A*A, at the identity matrix I,, where M(n) is the set of all
nXn matrices over reals and S(n) is the set of symmetric real matrices
over reals. Is the identity matrix I, a regular value for ®7 (Hint: Note
that we may regard M(n) as R and S(n) as RA+D/2)

4) Consider the 2-form on R*  w = dz; A dy; + dza A dyp.
a) Calculate wAw.
b) Can we write w = v A7y for some l-forms v and 7 on R*7

c) Show that w is closed. Let S C R* be an embedded com-
pact connected and orientable surface without boundary. Calculate
the integral [ w.
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TMS EXAM
11 February 2013

Duration: 3 hr.

1. Let f: R2 — R be defined by

fley) =2 +ay+y°+1.

For which of the points p = (0,0), p = (1/3,1/3), p = (—=1/3,-1/3) is f~1(f(p)) an
imbedded submanifold in R? ?

2. Let M be the hyperboloid of two sheets given by 3% — 22 — 22 = 1.

(a) Let p € M. Explain how we can identify T, M by a subspace of R? using a chart at p.
(b) Describe T},(M) as a subspace of R? if p = (0,2,v/3).

(c) Determine whether the map which assigns to each point ¢ = (x,y, 2) the vector (y,z+

z,y) is a smooth vector field on M.

3. Let FF: M — N be a smooth function between the manifolds M and N and let a be a

smooth function on M.

(a) Show that F*(da) = d(F*(a))

(b) Verify the formula F*d = dF* on the forms of type ¢; A ¢ where ¢ and ¢y are

1-forms.
(c) Let g : R* — R? be given by
g(w,y,2) = (zy,2%yz)

Compute g*(2zydx A dy)

4. Let
_ 1 xdy — ydz

o= - 2T I
2 x2 + y?

(a) Prove that « is a closed 1-form on R?\ 0
(b) Compute the integral of a over the unit circle S ?

(c) How does this shows that « is not exact?
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1. Let S? be the unit sphere in R3. Consider it with the topology relative to R3. Let
i:82% = R3 be the inclusion map.

(a) Show that ¢ is an immersion.

(b) Is ¢ an embedding? Why?

2. Let M, N be two differentiable manifolds and f : M — N be a smooth map. Define a
new map F : M — M x N by F(p) = (p, f(p)).

(a) Show that F' is smooth.

(b) Show that Fy(v) = (v, f«(v)) where F. and f, are induced maps at a point p of M
and v is a tangent vector of M at p.

(c) Show that the tangent space to graph(f) at the point (p, f(p)) is the graph of f, :
TpM — Tf(p)N

3. Consider the 1-form w = (22 + Ty)dz + (—x + ysiny?)dy on R2.

(a) Is w exact? Is it closed?

(b) Compute the integral of w over each side of the triangle whose vertices are
(0,0),((1,0),(0,2) where the sides are oriented in such a way that the triangle is
oriented counterclockwise.

4. Let F: R — R™*1 be the map F(p) = —p.

(a) What is the induced map F.? Why?

(b) Show that antipodal map A : S™ — S™ which is the restriction of F' on the n-sphere
is orientation preserving if and only if n is odd.

(c) Prove that the real projective space RP™ is orientable if and only if n is odd.
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1. We identify R* with the set of 2 x 2 real matrices.

(5 pts.) (a) Show that the set SL(2,R) of 2 x 2 real matrices whose determinant is equal
to 1 is a submanifold of R*. What is its dimension?

(5 pts.) (b) Prove that the tangent space to SL(2,R) at the identity matrix
0

A= , may be identified with the set of matrices of zero trace.

1
0

2. (3 pts.) (a) Show that the 1-form w = defined on R? — {(0,0)} is closed.

(3 pts.) (b) Calculate the integral / w, where S' is the unit circle in R2.
Sl

(4 pts.) (c) Let ¥ be the smooth surface shown below with boundary C. Prove that
there is no smooth map ¢ : ¥ — S* such that ¢c : C — S', the restriction of ¢ to the
boundary C, is a diffeomorphism.

3. Let f: X — Y is a smooth map between manifolds, f* is the induced map between
the algebras of differential forms of X and Y and d is the exterior derivative.



2

(5 pts.) (a) Prove that do f* = f*od.

(5 pts.) (b) If X = OW for some compact smooth manifold W, and w is a closed n-form
on Y with n = dim X, then show that

/X fr(w) = 0.

4. (10 pts.) A curve in a manifold X is a smooth map ¢+ ¢(t) of an interval of R! into

X. The velocity vector of the curve ¢ at time ty - denoted simply by d—j(to) is defined to
be the vector dey, (1) € T,, X, where xq = c(t) and dc;, : R — T, X is the differential of
¢ at tg. In case X = R¥ and c¢(t) = (¢1(t), -, cx(t)) in coordinates, check that

de

o) = (a(t), -+, (1))

Prove that any vector in T, X is the velocity vector of some curve in X, and conversely.
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1. Consider (0, 2)-tensor field T and a (1, 1)-tensor field S on R?, with the
components T; j = S; =i—5+2, i,7 = 1,2, where R? is considered as
a manifold with usual coordinates (i.e. with coordinates with respect
to the standard basis ej, e3)

(a) Determine the components T,5 S5 of T" and S when the coordi-
nates in R? are considered with respect to the basis fi=el+es
and fo = 2e1 + €9

(b) Determine the components of Alt7T and Sym T with respect to
the basis eq, e2).

2. For each point p = [u, v, w] on RP? define curves v, and o, by

wlt) = e, et

op(t) = [ucost—wvsint,usint + vcost,w]

for t € R. Consider the vector fields A, B € X(RP?) which assigns the
values 7,,(0) and 07,(0) respectively to each point p € RP?

(a) Introduce a chart of your own choice on RP? and find local
expressions for A, B on this chart.

(b) Find local expressions for the Lie bracket [A, B] on the same
chart.

(c) For each point p = [u,v,w] on RP? find a curve 6, : R — RP?
such that 6,(0) = p and [A, B] takes the value 6,(0) at the point
p € RP?.

3. Consider the two dimensional sphere

S* ={(u,v,w) €R® [ v* +v* + w® =1} C R?



with its usual smooth structure and the smooth maps f,g : S? — R
defined by

f((w,0,w)) = w
g((u,v,w)) = u
(a) Evaluate the integral
/df/\dg
M

where M is the manifold with boundary defined by
M = {(u,v,w) € S* | v > 0}
without employing Stokes’ theorem.
(b) Use Stokes’ theorem to evaluate the same integral.

4. Let M be a compact manifold and let f : M — N be a submersion
where N is an arbitrary manifold with dim M = dim N. Define a
function ¢ : N — R U {oo} by

©(y) = number of pointsin £~ (y)

(a) Prove that ¢(y) is finite for each y € N.
(b) Prove that ¢ : N — R is a locally constant function.
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1. a) Show that a one-to-one immersion of a compact manifold is an imbedding.

b) Explain, in full details, why the map ¢ : (—7,7) — R?, ¢(s) = (sin(2s), sin(s))
shows that the conclusion in part (a) is false if X is not compact.

2. Let SL,(R) denote the n x n real matrices with determinant 1.
a) Show that SL,(R) is a submanifold of the n x n matrices M, (R).

b) Show that the tangent space to SL,(R) at the identity matrix [ is
TrSL,(R) = {A € M,(R) : trace(A) = 0}.

3. a) What is meant by an orientation on a manifold ?

b) Show that S™ = {Z € R"™ : |z| = 1} is an oriented manifold, by defining
an orientation on it.

c) Show that the antipodal map S™ — S", T + —7 is orientation preserving
if and only if n is odd.

d) Using (c), or otherwise show that RP™ is orientable if and only if n is odd.

4. a) Show that X = {(z,y,2) € R®: 2?4+ y* = 1} is a closed submanifold of R?.

xdy — ydx

b) Verify that the restriction w|y of w = 22 5a closed 1-form on X.
=Ty

c) Calculate /w]X, where S is the circle {(z,y,3) : 22 + y* = 1} C X.

s
Is w|x an exact form 7 Why 7

d) Consider the mapping ¥ : R? — X, U((s,t)) = (cos(s),sin(s),t). Show
that W is a differentiable map and that the form ¥*(w|x) is exact.
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1. Let ® : M — N be a submanifold where dim(M) > 1 and let
o*: C°(N,R) — C*(M,R)

be the restriction map f — fo ®.
a) Show that in general ®* is neither injective nor surjective.

b) Prove that if ® is a closed imbedding then ®* is surjective.

0 0
2. Consider the vector field v = — + y— on R?.
ox oy

a) Find the integral curve of v through (a,b) € R%

b) Find a smooth map R? — R such that the fibers are given by the integral
curves of v.

¢) Find a 1-form w which annihilates v. Is w exact ?

3. Let S? C R3 be the unit sphere with its standard smooth manifold structure.
For vectors a, b € R3 let a x b and (a,b) respectively denote the vector
product and the inner product.

a) Let n be the outward normal vector on S2. Given o € A\'(5?) defined by
o(X)=([1,1,1], X xn)
prove that o = i*(X) where i : S? — R? is the identity imbedding and

Y= (y—2z2)de+ (z —x)dy + (v — y)dz.

b) Find Q € A*(R?) such that the volume element w € A*(S?) can be written
in the form w = i*(Q).

¢) Does there exist # € A\'(R?) such that w = i*(df) ? Explain.



4. True or false ? Explain (give a counter example if appropriate).

a) There exists no compact smooth 2-manifold M which admits an immersion
M — R2.

b) Let M be the compact surface and I" be the oriented curve given in the

figure. If w is a 1-form such that /W # 0, then w is not a closed form.
r

c¢) Let M, N be smooth manifolds with dim(N) > dim(M) and let & : N — M
be a non-constant smooth map. If for some y € M the set ®~!(y) is a smooth
submanifold of N, then y is a regular value of ®.
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g 1.a) Let w = (zy) dz A dy, a 2-form on R?, and f : B® — R? be
given by f(r,s,t) = (r — ts,7%s + t). Calculate f*{w), the pullback of
w by f. o

? 1.b) Consider the vector field on the plane
2} d
X = 2:65-5 —_ :cy-é}z.
Caleulate X(g) for any smooth function ¢:R? - R.

1.¢) Recall that H%5(5?) = R, which is spanned by the volume form
w = ¢ dyAdz—y dz Adz+z dz Ady. Using the fact that Hp(5?) = 0,
show that w cannot be written as a product of two one-forms w = aAf,
which are both closed.

i@ 2.a) Let w be the 1-form on R® — {(z,y,2) | £*+¢* ~1 =0, z=0}
given by
Clzd@®+y -1~ (P +yP -1 de
~or (2 -+ y2 — 1)2 -+ 2%)1/?
Show that w is closed.

E 2.b) Calculate the integral of w over the circles shown in the figure
' below.
Cy = {(mly’z) €R3 | z=2, $2+y2 = 1} ’
Cy = {(I,y,Z) eR® | z = 0, (y_ 3‘)2 + 2% = 1}

T .

@

<
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/3 3.a) Prove that the subset C = {(z,y) € R* | 4* = z{z ~ 1){z+ 1)}
is a smooth manifold by showing that 0 € R is a regular value for
the function f:R2 =R, flz,y) =3* —z(z — 1)(z+1). What is its
dimension? Describe its tangent space at any point (a,b) € C.

/ Za 3.b) Similar to the Part (a) show that the unit sphere 5* € R? is
smooth manifold of dimension two. Determine its tangent space at
any point (a,b,¢) € 52

4) A one-form a on R® is called a contact form if it satisfies

(e A de)(p)(er, e9,e3) > 0

at any point p € R?, where e;, i = 1,2, 3, are the standard basis vectors
in T,R® = R3.

% a) Show that the one form o = z dy + dz is a contact form on R®.
Cj b) Let f: R® - R® be a map given by

f(xv Y, z) = (CL1$ + b1 aziy, 0'33)’..

where aj, as, 03,5 € R, are some constants. Find necessary and suffi-
cient conditions on these constants so that f*(a) = .

% ¢) Show that a closed one-form w on R? cannot be a contact form.
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1. a) Let w = (z +y) dr Ady, a 2-form on R? and f : R®> — R? be given
by f(r,s,t) = (r —t+s,e"” +t). Calculate f*(w), the pullback of w by
I

b) Consider the vector field on the plane

0 0

Calculate X(g) for any smooth function ¢:R? — R.

c) Calculate the bracket of the vector fields, [X,Y], where

0 0 0
X=22 gy~ and YV =eV— +o—.
ox xy@y ol < or +x8y

2. a) Consider the real projective plane as the quotient space
P:S? - RP*= 8%~ (z,y,2)— [x:y: 2],

where ~ is the equivalence relation on the unit two sphere S? defined

by, (9517?/1721) ~ ($2792722) if and only if (xlayhzl) = _(x27y2722)'
Show that

F:RP? =R’ [z:y: 2] — (%97 2y, yz, 2x),
is a smooth embedding.
b) Let o :S% — S? be the antipodal map given by
o(x,y,x) = —(x,y, 2).

1



Show that for the above map P : S? — RP? we have P = Poo. Let
w=xdyANdz+vydzANdx+zdx ANdy a 2-form on S?. Prove that
w # P*(v), for any 2-form v on the real projective plane.

.a)Let f: K — R" and ¢g: L — R" be embeddings of smooth
manifolds, so that dim K + dim L < n. Consider the smooth mapping

¢: K xL—R" (p,q)+— f(p)—9g(q), (p.q) € K x L.

Show that a vector v € R" is a regular value for ¢ is and only if the
images of the maps f: K — R" and

g+v:L—R" qg— g(q) +v

are disjoint.

b) Let f:S' —R?® and ¢g:S' — R® be embeddings of the circle
into R3. Using Part (a) conclude that for any € > 0 there is a vector
v €R3 with ||v|| <€, so that the embedded circles f(S') and

g(SH +v={g(q)+v|qe S}

are disjoint.

. A two-form w on an oriented smooth four manifold, M*, is called
symplectic if it is both closed, dw = 0, and satisfies

(UJ A w)(p)(elv €2, €3, 64) > 07
at any point p € M, where e;, © = 1,2,3,4, are any set ordered basis
(giving the chosen orientation of the manifold) vectors in T, M.

a) Show that the two form w = dzy A dxy + dxs A dxy is a symplectic
form on R

b) Show that the above form satisfies w = da, for the 1-form

o =x1 dry + x3 dry .

c) Show that a symplectic form v on a compact oriented four di-
mensional manifold, M?, cannot be an exact form (Hint: Use Stokes
theorem).
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1.) Let f:R*—>R by

flzy2) =@+ +2 - + 1P —4(=" +47)
where 0 <7 <1 is a constant.
a) Show that M = f~}(0) is a smooth submanifold of R®.

b) Determine the tangent space Tiyr1,00M a3 a subspace of Tip100R?.

2.) Consider the vector field on R® given by

oz

a) Show that the restriction of ¥ to the unit sphere % C R® defines
a vector field on the unit sphere.

Ym(z~y)~?—+(m—z)%+(ymm)§%.

b) Determine the zeros of the vector field on the sphere.

3.} Consider the quotient topological space
M=R/(z,y,2) ~(@+Ly—1-2),(z,9,2) €R.
a) Show that M is a smooth manifold of dimension three.

b) Prove that M is not orientable showing that any 3-form on M
has at least one zero.

4.a) Let f,g:R*— R be smooth functions. Show that the 1-form
Fdg—gdf _ i

where Z = {pecR"| f(p) =0=g(p)} is the set of common zeros of

the functions f and g.

b) Let v:[0,1] > R*— Z be a smooth path such that f{y{t)) =1
for all ¢ € [0,1], and g(v{0)) = —1 and g{v(1)) = 1. Calculate the

integral
[ e
[0,1]



Differentiable Manifolds
TMS EXAM
September 16, 2013

Duration: 3 hr.

1. Find the tangent space to the surface 5 : gl ~y4z=1atthepoint p=(1,~1,1) as a
subspace of R%in two different ways:

{a} Using a local coordinate system at p.

{b) Exhibiting § as the preimage of a regular value under a map f:R® — R and then
using the derivative of f (i.e. the induced map f.).

2. Let F': P2(R) — P'(R) be the map which is given by F((z,, 2]} = [zy + x?y? + 2%,
{Notation: The class of z = (1, ..., 2p41) in P*(R} is denoted by [] = [z1,. .., Znetl)

{a) Show that F' is well defined.

{b) Choose a chart (U, ¢) around a point p = {2a, %o, 2] in P2(R) with y¢ 3¢ 0 and a chart
(V,4) around F(p) with F(U) C V. Write the local expression of I in these charts,
Is F smooth at p? Why?

{¢) Compute the rank of the map F.
3. Consider the form w = ydz — zdy in R,

(a) Find the local expression of the restriction of this form to the eylinder M : 2? +3° =1
(i.e. 1= (w) where i : M — R® is the inclusion map) with respect to any chart of your
choice.

{b) Let n be the form you have found in part (a). Find the local expression of dn with
respect to the chart you have used in part{a}.

4, Let N be the unit ball in B3 and let f, g, i be smooth real valued functions defined on
RS Using Stokes Theorem write te the integral of w = fdy A dz+ gdz Adx -+ hdx Ady (more
precisely the integral of the restriction of this form) over the boundary of N as an integral
over N. Alsc write it as a {iterated} Riemannian integral,

8. Prove the following

{a) If F: N — M is a one-to-one immersion and N is compact, then I is an imbedding.

(b} If F: N — M is an immersion then each p € N has a neighborhood U such that F|U
is an imbedding of U in M.
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1.} Let w be the closed 1-form
_zTdy-~ydzr

P € (R - {0}).

a} Calculate the integral / w, where S' is the unit circle in the
gt
plane.

b) Use Stokes’ Theorem to show that the integral / w =0, where
c
C={(zy) | (&=5+y*=1}.

c) Is there a smooth map ¢ : S* x [0,1] — R?* — {{0,0)}, where
(ST x{0}) = St and ¢(S*x{1}) = C, sothat ¢ isa diffeomorphism
when restricted to each of the boundary components of the cylinder?
Justify your answer!

2.) Consider the Mébius band as the following quotient manifold
MB=Rx (-11) /{z,y) ~ (z+1,—y) .
a) Let P:Rx(~1,1) - MB be the quotient map and
o:Rx(-1,1) = Rx(-11)

be the map given by o(z,y) = (z + 1, ~y). Show that for any smooth
function f: R x (-1,1} = R satisfying f = —f o g, there is some
(zo,90) € R x (=1,1) with f(zo,yo} = 0.

b) Use Part (a) to show that for any 2-form w on the Mdbius band
there is some {zg, %) € B x (~1,1} with w(P(ze, 1)} = 0. Conclude
that M B is not orientable.

3.) Show that the subset R® given by
T?% = {(z,y,2) € R | (&% + % + 2%) + 3)% = 16(2® + y*)}
1
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is a submanifold. Show that it is diffeornorphic to the to the submani-
fold
{(z1,y1,20,00) €R [ 2f + 9} = 1 = 2} + 43}
xT
via the map F(z,y. 2) = (/2% + y*~2, 2, - 4 ). De-

termine 1,

4.) Let w = f(z,y)dz + g(z,y)dy be a one-form on R? — {(0,0)}.
a) Let Cy be the circle with center at the origin and radius R > 0,
whose parametrization is given by z = Rcosf, y = Rsinf, 0 < 6 < 2.

Assume that |f(z,y)] < =, for all

NN and lg(z, )] < _
/7?2 + y* gl = vatty

(z,y) € R? — {{0,0)}. Show that | [ w} < 4xVR.
Cr

b) Assume that the one-form w is also closed. Use Stokes’ theorem to
show that f W= / w, for all R > 0.
Cr (o5}

¢) Show that / w =0, for all R > 0. Conclude that w is an exact
C
form. *
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October 01, 2015

Duration: 3 hours.

(1) Let f: R® = R* be the map defined by f(z,y,2) = (#? — y2, xy,x2,y2). Consider RP? as 52/ ~
where p ~ —p for all p € S2.

a) Write down a chart for RP2.

b) Let F : RP? — R* induced by f. Find F,.

¢) Is F embedding? Why?

(2) a) Show that the set SL(2,R) of 2 x 2 real matrices whose determinant is equal to 1 is a submanifold
of R*. What is its dimension?

b) Prove that the tangent space to SL(2,R) at the identity matrix A = I may be identified with the set
of matrices of zero trace.

(8) Let M be an even dimensional manifold, dimM = 2n. A differential form w € Q2(M) is said to be
non-degenerate if
Aw:i=wA---Aw e Q*"(M)

is a volume form. Show that on a compact orientable manifold M without boundary a non-degenerate
2-form w cannot be exact.

dy — yd.
(4) Let w= oY — 90T ¢ Q'(R?) and f: S' — S' defined by f(z) = 2*, k € Z,. Calculate
i
[ 1w
S1
(5) On R* with coordinates (z,y,z,w) consider the following vector fields; X; = xai ~ Y and
Yy i
0
X, = y& - za—y and 2-form w = zdx A dy + zdz A dw. Compute the following:
a) [X1, Xo]
b) dw

c) ®*(w) where ® : R? — R* is the map ®(t,u) = (tcost,u,tsint,u).
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(1) Show that N = {|z : y: z: w] € RP¥z® + ¢® + 2* + w® = 0} is an embedded submanifold of RP3,
real projective space of dimension 3, and compute its dimension.

(2} Let M be an orientable smooth manifold and fix an orientation for unit circle $*. Given a smooth
map v : § —s M and a differential 1-form o € (M) define [ o= fg ().
a) Show that if o is exact then for any v: §* — M,

/amO,

b) Show that if do = 0, and H : [0,1] x §* — M is a smooth map then,

/Qz=/ X,
o Y1

where v (8) = H(0,8) and 41 (§) = H{1,6}.

(3) ) Let O(n) denotes the orthogonal n x 7 real matrices and M (n) denotes n x n real matrices.

a} Show that the tangent space of O(n) at the identity matrix, TyO{n) is the space of all anti-symmetric
matrices.

b) Show that for any 4 € O(n), T4O(n) = {XA|XT = -X}.

¢) Show that if X € T;O(n) then e¥ € O(n) where ¥ = [+ X + 3 X* + X%+ .

d) Consider the smooth map ezp : M(n} —+ M(n}, defined as ezp{X ) = e¢X. Show that the differential
dezp(0) at zero matrix 0 € M(n) is the identity linear transformation.

(4) ) Let Z be the preimage of a regular value y € Y under the smooth map F: X — Y between
smooth manifolds X and Y. Prove that the kernel of the derivative dFy : To.X — T3 at any point
% € Z is precisely the tangent space to Z at 2, T, 2.

(5) ) Define F : B2 — R® by F(u,v) = (u,v,u? ~ v?). On R? with coordinates (u,v) consider the
foliowing vector flelds; Uy = U Vg and Uy = L and on R® witk coordinates (z,y,z) consider
o-form w = ydz A dz + zdy A dz and 1-form 9 = zdz + zdy + ydz. Compute the following:

a) F*EUl,U2}

b) dio

&) F*(dn)

d) F*(w)(p}|[Vi, Vo] where Vi = (1,2) and V2 = (0, 1) are the vectors in T,R?, for p = (1,1) € R
e) wp(p)(X]‘,Xg) where X1 = F,,(Vl) and XQ = F,,(Vg} .



