








PRELIMINARY EXAM PROBLEMS
Differential Equations (ODE), 2004/2

1. Consider the following IVP

y′ = y cos(x2 + y2), y(0) = 1.

where y, x ∈ R1.
a) Applying the ”existence-uniquenes” theorem, determine a specific interval on which a
unique solution is sure to exist.
b) Determine the largest possible interval (α, β) on which the solution is defined.
c) Explain why the solution of the IVP is always positive.
d) Is the solution strictly increasing over its interval of definition? Why? Why not?

2. a) Let y(t) be a solution of y′′ − e−ty = 0.
Show that y(t) can not vanish twice.

b) Prove that every solution of y′′ + (1 + a(t))y = 0 has infinitely many zeros,
if

lim
t→∞

a(t) = 0.

3. Suppose that all solutions of y′′+a(t)y = 0 are bounded. Show that if
∫∞

0 |b(t)|dt <∞, then
all solutions of y′′ + (a(t) + b(t))y = 0 are also bounded.

4. Using Lyapunov function show that the zero solution of the system

x′1 = −2x1x
2
2 − x3

1,

x′2 = −x2 + x2
1x2 (1)

is uniform asymptotically stable.



PRELIMINARY EXAM PROBLEMS
Differential Equations (ODE), 3 hours, 2005/2

1. Consider the IVP
x′1 = −1

t
x2 + sin t,

x′2 =
1
t
x1 + cos t,

x1(1) = x2(1) = 0.

Show that the IVP has a unique solution defined on (0,∞).

2. Let p(t) be continuous function defined on [1,∞) such that∫ ∞

1

|p(t)− c|dt < ∞, c > 0.

(a). Show that all solutions of

y
′′

+ p(t)y = 0 (1)

are bounded on [1,∞). (Hint: rewrite the equation in the form y
′′

+ cy = (c− p(t))y).
(b). What can you say about the stability of the zero solution?
(c). Show that all solutions of (1) need not to be bounded if c = 0. (Hint: p(t) = a

t2 ).

3. Let A(t) be a continuous matrix for all t ∈ R. Let P (t) be the matrix solution of

X ′ = A(t)X.

Show that P (t)P−1(s) = P (t− s) for all t, s ∈ R, if and only if A(t) is a constant matrix.

4. Consider the following scalar equation

x′ = c(t)x, (2)

where function c(t) : R → R is defined in the following way:

c(t) =
{

t, if 0 ≤ t ≤ 1
2 ,

1− t, if 1
2 ≤ t ≤ 1

and c(t) is 1− periodic.
(a). Prove that (2) does not have a nontrivial 1-periodic solution.
(b). Does the equation have a nontrivial solution with another period?



PRELIMINARY EXAM PROBLEMS
Differential Equations (ODE), 3 hours, 12.09.2006

1. Consider the differential equation

y
′′

+ q(x)y = 0, (1)

where q : [α, β] → R is a continuous function such that 0 < m ≤ q(x) ≤ M. Let
{x1, x2, . . . , xn} be the zeros of a solution y(x) such that α ≤ x1 < x2, < . . . < xn ≤ β.

Show that:

(a) π√
M
≤ xi+1 − xi ≤ π√

m
, i = 1, 2, . . . , n− 1;

(b)
√

m
π (β − α) < n + 1.

2. Applying the differentiable dependence of solutions on the initial value estimate the deviation
of a solution y(t) = y(x, 0, y0) of the equation y

′
= y + sin y on [0, 1] if the initial value is

changed from 0 to y0 and |y0| < 0.01.

3. (a) Find all values of a parameter a ∈ R such that the system

x′ = 2y − 4x + 1, y′ = 2x− y + a

has solutions bounded on R.

(b) Define all these bounded solutions.

(c) Are these solutions stable?

4. For the initial value problem
y′ = λ + cos y, y(0) = 0,

find an upper estimate for |y(x, λ1)− y(x, λ2)| and deduce that y(x, λ) is continuous.
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Ordinary Differential Equations

1. Consider the differential equation

y′ = yg(t, y),

where g and ∂g
∂y are defined and continuous for all (t, y) ∈ R2. Show that

(a) if y = y(t), t ∈ (a, b), is a solution satisfying y(t0) = y0 > 0, t0 ∈ (a, b), then y(t) > 0 for

all t ∈ (a, b)

(b) if y = y(t), t ∈ (a, b), is a solution satisfying y(t0) = y1 < 0, t0 ∈ (a, b), then y(t) < 0 for

all t ∈ (a, b)

2. Consider the linear system

ẋ = A(t)x,

where A is a continuous for all t ∈ J ⊆ R.

Let Φ(t, t0) be a matrix solution of the above system satisfying Φ(t0, t0) = I.

(a) Show that x(t) = Φ(t, t0)x0 is the unique solution of the system satisfying x(t0) = x0.

(b) Show that Φ(t, t0) = Φ(t, t1)Φ(t1, t0), t1 ∈ J .

(c) Show that ∂Φ(t,s)
∂s = −Φ(t, s)A(s), t, s ∈ J .

(d) Let X(t) := Φ(t, 0), 0 ∈ J . Show that Φ(t, t0) = X(t− t0) if and only if A is a constant

matrix.

3. Find the Folquet multipliers for the periodic system

ẋ =

 1 1

0 cos t+sin t
2+sin t−cos t

x

and deduce that there is a periodic s9olution? What is the periodic solution?

4. Show that the zero solution of

ẋ = −2x +
sin t

t2 + 1
x3

is uniformly asymptotically stable.
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TMS. Differential Equations (ODE)

1. Draw integral curves (the phase portrait) of the scalar equation

dy

dx
=

x− y

|x− y|
. (1)

2. Consider the Riccati equation

dy

dx
= y2 + f(x), (2)

where f(x) is an ω−periodic function. Prove that

∫
ω

0

(y1(x) + y2(x))dx = 0,

where y1, y2 are two ω−periodic solutions of the equation (2).

3. Analyze Lyapunov stability of the following initial value problem,

dx

dt
= a

t
x, x(1) = 0,

where a is a real parameter.

4. Solve the equation

x2
d2y

dx2
− 2y = 0,

with boundary conditions a) y(1) = 1, limx→∞ y′(x) = 0, b) limx→0 y(x) = 0, y′(1) = 1.




