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Graduate Preliminary Examination
Topology
Duration: 3 hours

1. Consider a topological space XY and a continuous map f: X' = Y.

a) Prove that f-1(B) € f~'(B) for any subset B of Y.

b) Suppose that f is also closed and surjective. Prove that B = f(f~1(B))
for any subset B of Y.

¢} Suppose that X is metrisable and f is a closed, surjective and contin-
uous map. Prove that for any subset B of ¥ and any y € B there exists a
sequence y, € B such that lim y, = y.

2.

a) Is the intersection of two dense subsets in a topological space always
dense?

b) Let X be a topological space. Prove that the intersection of two open
dense subsets of X is open and dense.

¢) If # is the family of open dense subsets in X, prove that H = HU {0}
is a topology on X.

d) Let X be the topological space which consists of the set X with the
tapology H on it. Prove that a function f: X — R is continuous iff it is

constant.

3. Let f be a continuous mapping of the compact space X onto the
Hausdorff space Y. Show that any mapping ¢ of ¥ into Z for which go [ is

continuous must itsell be continuous,

4. Consider the cyelinder §' x 1 where ' the unit circle in B* and
1 = [0.1]. Identify S* x {1} to a point i.e. define an equivalence relation



~ on S' by letting (u,1) ~ (,1) for all v,» € S* and letting all other
elements in §* x [0, 1] be related only to itself. Show that the quotient space.
(8" x I)/ ~, the so called cone on §', is homomorphic to the unit dise D?
in B2
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Duration: 3 hours

February 21, 2005

1. A collection {f, | @ € A} of functions on a space X (to spaces X,) is
said to separate points from closed sets in X iff whenever B is closed
in X and z ¢ B, then for some a € A, fo(z) ¢ fo(B). Then, prove
that a collection {f, | @ € A} of continuous functions on a topological
space X separates points from closed sets in X if and only if the sets
a1 (V), for « € A and V open in X,, form a base for the topology on
X.

2. Let X be a compact space and let {Cy | @ € A} be a collection of
closed sets, closed with respect to finite intersections. Let C' = NC,
and suppose that C C U with U open. Show that C, C U for some
a € A

3. Let (X, d) be a metric space.

(a) Consider a connected set A C X and a continuous function f :
X — R. Given «, 5 € f(A) C R with a < 8 prove that for every t € R
with o <t < 3 there exists a € A such that f(a) =t .

(b) For any B C X, prove that the function g : X — R defined by
g(x) = dist(z, B) = inf{d(x,b) | b € B}

for all z € X is continuous.

(c) Let © C X be open, connected and relatively compact (i.e. its
closure is compact). Consider a continuous surjective function h :
Q0 — Q. Prove that there exists w € {2 such that

dist(w, Bd(£2)) = dist(h(w), Bd(£))

(Hint : Consider the point w € Q at which dist(w, Bd(£2)) achieves its
maximum. )

4. Let X = RU{oo} with the topology with respect to which a subset of
X not containing oo is open if it is open in the usual sense, a subset



of X containing oo is open if its complement is the union of finitely
many sequences convergent in the usual sense along with their limits.

(a) Prove that for any open set U in X the set U \ {oo} is open in R
(Hint: the terms of a convergent sequence in R together with its limit
is a closed set).

(b) Prove that [0,1] C X is compact.
(c) Prove that [0,1] C X is not closed. Is X Hausdorff?

(d)Prove that for every continuous f : X — X with f(c0) = oo, the
set of fixed points {x € X | f(z) = x} is closed.
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Graduate Preliminary Exam

Topology

Duration : 3 hr. Feb 9, 2007

1. Let 7 be a Hausdorff topology on a set X # () and for A C X, let A denote
the closure of A with respect to 7.

a) Prove that the family
B={U— A:U isopen, A is compact in 7}

constitutes a basis for a new topology 7.
b) Prove that 7+ is Hausdorff.

c¢) Prove that 7 = 7x if and only all subsets of X which are compact in 7, are
finite subsets.

2. Let X be an infinite set with the finite complement topology (ie. the collection
of open sets is 7 = {A : X — A is finite, or A = (}}).

a) Prove that every subset of X is compact.

b) Prove that X is T (ie. For every z,y € X with x # y, there are open sets
UV suchthat re U -V andy € V - U).

Is X Hausdorff 7 Is X metrizable 7
c) If X =R, find the closures and interiors of (0,1}, 2, 3], Z.



3. Let X be a Hausdorff topological space and let X* = X U {oc}, where oo is
an ideal point not in X. Consider the following collection 2* of subsets of X*

(i) open sets in X
(ii) sets of the form X* — S where S is a compact subset of X.

Prove the following statements for the topological space (X*, Q*) (do not
prove that Q* defines a topology on X*).

a) (X*, Q%) is compact.
b) If X is locally compact, then X* is Hausdorf.

¢) A continuous map f : X — Y between Hausdorff topological spaces extends
to amap f*: X* — Y™ which is continuous if f is proper (that is, the inverse
image under f of every compact subset of Y is compact).

d) If Y is a locally compact Hausdorff space and if f: X — Y is proper, then
f is a closed map.

4. Let (X, d) be a metric space. For a point z and for subspaces A, B in X, define
d(xz,A) = inf{d(z,a) : a € A} and d(A, B) = inf{d(a,b) : a € A,b € B}.

(a) Prove that the map f : X — R defined by f(x) = d(x, A) is continuous.

(b) Prove that if A is compact, then there is a point ag € A such that
d(x,ap) = d(z, A).

(c) Prove that if A and B are compact, then there are points ayp € A and
by € B such that d(ag, by) = d(A, B).

(d) Prove that A and B are compact and disjoint, then there are disjoint open
sets U and V' in X such that U contains A and V' contains B.

(e) Show that the conclusion of (b) may not be true if A is not compact.



METU - Mathematics Department
Graduate Preliminary Exam-Spring 2008

Topology

1. Consider the real line R with the usual topology. Let ~ be the equivalence
relation defined by
x ~vyif and only if x —y € Q.

Show that the quotient space R/ ~ has uncountable number of elements and
that its topology is trivial.

2. A discrete valued map on a topological space X is a continuous map X — D
into a discrete topological space D. Show that

a) X is connected if and only if every discrete valued map on X is constant.

b) the statement "d(p) =d(q) for every discrete valued map d on X" defines
an equivalence relation on X and that the corresponding equivalence classes
are closed subsets of X.

3. Let X and Y be two topological spaces and let X x Y be given the product
topology.

a) Suppose K is a compact subset of X and A C X X Y is an open set such
that for some y € Y, K x {y} C A. Show that y has a neighborhood U C Y
such that K x U C A.

b) (i) Suppose X is compact. Prove that the projection 7 : X x Y — Y is a
closed map.

(ii) Give an example to show that in (i) the compactness assumption is
essential.

4. Let X be a Hausdorff topological space and let X* = X U {oc}, where oo is
an ideal point not in X. Consider the following collection * of subsets of X*

(i) open sets in X
(ii) sets of the form X* — S where S is a compact subset of X.



Prove the following statements for the topological space (X*, Q*) (do not
prove that Q* defines a topology on X*).

a) (X*, Q%) is compact.
b) If X is locally compact, then X* is Hausdorff.

¢) A continuous map f : X — Y between Hausdorff topological spaces extends
to amap f*: X* — Y™ which is continuous if f is proper (that is, the inverse
image under f of every compact subset of Y is compact).

d) If X, and Y are locally compact Hausdorff spaces and if f : X — Y is
proper and continuous, then f is a closed map.



GRADUATE PRELIMINARY EXAMINATION
GENERAL TOPOLOGY
Duration: 3 hours
February 10, 2009

1. A topological space X is said to be hyperconnected if every nonempty open set in
X is dense. A topological space Y is said to be ultraconnected if {a} N {b} # 0
for every a,b €Y.

a) Prove that a hyperconnected topological space is connected.

b) Prove that an infinite set with the cofinite topology is hyperconnected but not
ultraconnected.

¢) Let Z be a topological space with more than two points and p € Z where
U C Zisopeniff U =Z orp¢ U. Prove that Z is ultraconnected but not
hyperconnected.

d) Prove that an ultraconnected space Y is path connected by demonstrating
that for any a,b € ¥ and any p € {a} N {b} the map X :{0,1] -+ Y defined by

a if 0<t<1/2
Mty=1¢q p if t=1/2
boif 1/2<t<1

is continuous.

2. A continuous map f : X — Y is called a (topological) embedding if the map
fi X — f(X) obtained by restricting the range of f is a homeomorphism (Here
F(X) has the subspace topology),

a) Show that Q cannot be embedded in Z (where both has the subspace topology
of R}

b) Let R, denote the topological space whose underlying set is R and its open
sets are complements of finite sets and the empty set.

(i) If Y C R, describe open subsets of Y.
(ii) Show that R with its usual topology cannot be embedded in R..

3. a) Let X and Y be metric spaces so that ¥ is compact. Show that the projection
map 7, : X x Y — X, where 7y (z,y) = = for all (r,y) € X xY, is a closed map.

b) Let X =Y = R equipped with the usual metric. Show that the projection
map 7 : R x R —» R in Part (a) is not a closed map.

4. Let A = {Ai € I} be a cover for topological space X such that each p € X
has a neighborhood N such that {i|N N A4; # ¢} is finite and f : X — ¥ be a
function where Y is a topological space.

a) Show that | J B; = | B; where B; C'A; foreach i € I.
i€l i€l
b) Show that f is continuous when f|A; continuous and A; is closed for each
i€l |
¢) Show that {i|K N A; 5 ¢} is finite for any compact subset K of X.

d) Show that the component of a point p € X (maximal connected subset which
contains p) is open when A; is connected for each ¢ € [.
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Spring 2010
TOPOLOGY

Show that for any map f from a topological space E into a topological space F,

the following are equivalent:

a) f is continuous on E.

b) f! {Int A) C Int f7*(A) holds for every set A C F.

¢) F~1(4) € f~Y(A) holds for every set A C F.

Let E be the set of all ordered pairs {m,n) of non-negative integers. Topologize
E as follows:

For a point (m,n) # (0,0) any set containing (m,n) is a neighborhood of (m,n).
A set U containing (0,0) is a neighborhood of (0,0) if and only if for all except
a finite number of m’s the set {n: (m,n) ¢ U} is finite.

a) Show that F is not locally compact.

b) Show that E' is normal.

Let X be a topological space and A, B be subsets of X. Show that:

a) f (ANB)U (AN B) = ¢ and if C' is a connected set which is contained in
AU B then either C C Aor C C B.

b) If (ANBYU (AN B) # ¢ and if A and B are connected then AU B is also

connected.

Let f be a continuous one-to-one map from a compact space E into a Hausdortf

space F'
a) Show that f~': f(E) — (E) is continuous

b) If A C f(E), then prove A C f(f~1(4)).

= B

c) Let (z,) be a sequence of real numbers. If lim(2z, -+sinz,) = 3 + 1 then prove

that imz, = 7 /6



Topology, February 2012
TMS EXAM
February 15, 2012

1. Let 7 = {UuU-U|U C R is an open set in standard topology of R}. Show that 7 is a
topology on R and find the interiors and the closures of the following intervals of R in this
topology: A = (-2,3), B = {—00,3), C = (1,3).

2. Let X be a topological space. Prove the given statement or give a counter example to

show that it is not always true.

a) If A © X is connected then A is also connected.

b} If A C X is path connected then A is also path connected.
3. Consider the space X = {a,b,¢} with the topology {8, X, {a}, {0}, {a,b}}.

a) Show that ¥ = [1,2} with topology {0,Y, {1}, {2}} is not a quotient space of X.
b) Show that Y = {1,2} with topology {@,Y,{1}} is a quotient space of X.

¢) Consider the function f: X — Y, f(a) =1, f(b) = 1 and f(c) = 2, where Y has the
indiscrete topology {#,Y}. Is f a quotient function? Is ¥ is a quotient space of X7

4. Let X be a countable set (you may take, for example, X = Z.) equipped with the
discrete topology. Find a homeomorphism f: X+ — A, where A is the subspace of R given
by

A= {;1; | n=12,---}u{0}

and X 7T is the one point compactification of X,



Topology February 2013 Middle East Technical University

Preliminary Exam

DURATION: 3 hours

1- Prove or disprove. (X,Y are topological spaces, A, B are subsets of a topological space X, A
denotes the closure of the set A, A’ denotes the set of limit points of the set A.)

(a) AUB=AUB.

(b) f{A") = f(AY for any continvous function f: X -+ Y.

{e) If X and Y are Hausdorff, then X x Y is Hausdorff in the product topology.
(d) If X is a metric space then X is Hausdorfl.

{e) A infinite set X with the finite complement topology (that means a set U C X is open if X ~ U
is finite) is metrizable. ‘

2- For a point z = {z1, z2) € B? and a positive number r > 0, define

B(z,r) = {y = (y1,12) € B®|z: — | < r}.

Let B= {B(z,r)lz € R, r > 0}.

(a) Show that B is a basis for a topology on R?
(b) Compare this topology with the standard topology on R,

(e) Let D = {z = (z1,23) € R?|2? + 2 < 1}. Find the interior D° and the closure D of the set D
in this topology.

3-Let 7w : X xY -+ X be the projection map onto the first coordinate. Show that if ¥ is compact
then # is a closed map.

4~ Let X, Y be metric spaces. Using the definition of continuity ONLY, show that a function f : X — Y
is continuous if and only if f(zn) — f(z) whenever z, — z.




Topology
TMS EXAM
February 18, 2014

Duration: 3 hours

1. A topological space is extremally disconnected if and only if the closure of every open

set is open. Show that for any topological space X the following are equivalent:

(a) X is extremally disconnected,

(b) Every two disjoint open sets in X have disjoint closures.

2. Show the following:

(a) An open subset of a separable space is separable.
(b) The product of countable number of separable spaces is separable.

(c) The quotient space of a separable space is separable.

3. Let X,Y be topological spaces and f : X — Y be a continuous map. Consider the
graph G = {(z, f(x)) : x € X} of f with the subspace topology of X x Y.

(a) Show that G is homeomorphic to X .

(b) Show that G is closed if Y is Hausdorff.

4. Let X be a compact Hausdorff space and f : X — Y be a quotient map. Show that the

following are equivalent:

(a) Y is an Hausdorff space,
(b) f is a closed map,

(c) The set {(x1,22) € X x X : f(x1) = f(x2)} is closed in X x X.



TOPOLOGY TMS EXAM
February 11 2015

Duaration: 3 hours.

(1) Consider the set of real numbers R. The collection of all open intervals {a,b) along with all sets of
the form (a,b) — K where K = {1|n € Z¥} is a basis for a topology on I called the K-topology. Let
Ry denote B with this topology.

{a) Compare Ry with the standard topology on R.

(b) is Rz compact? Is {0, 1] a compact subspace of Ry 7

{c} Iz Rp Hausdorf?

(d) Is Ry regular?

(e) Is the quotient space of Ry obtained by collapsing the set K %o a point Hausdorff? Is it T\ 7

(2) Let X be a compact metric space and suppose that f: X — X is an isometry,
that is d{ f(z}, f(y)) = d(z,y) for all z,y € X. Prove that f s a homeomorphism.

(3) Let R be the countably infinite product of R with itself and let A < R be defined by
™

A= {{(z;) € B| z; = 0 for all bui finitely many 1}.

(a) Prove that A is dense in R* with the product topology.
(b) Prove that A is not dense in R¥ with the box topoiogy.

(4) Let r: §* ~+ ST be defined by r(z,y) = {~z,3). The Klein bottle K is the quotient space of [0,1]x §*
under the following equivalence relation: (0, {z,¥)) ~ (1,7{z,y)) for all (z,y) € S* and (t,{z,y)) is not
equal to anything except itself for £+ 0, 1.

| ‘
& ‘ {}
N A

(2} Show that X is compact,

(b) Let C; K be (the image of) the circle {3} x §*, and let C2 C K be a small embedded circle inside
{1, %y x S'. There is  continuous map g: X — R® as shown in the picture. The restriciion of g to
K — C, is injective so is the restriction to K — Ca, but g(Cy) = ¢(Cz). Assuming that such a map ¢
exists as described, use Urysohn’s Lemma to construct a continuous wap of K into B} x B = BY which
is an embedding. You may assume that & is Hausdorff.
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1. Let 7 be a Hausdorff topology on X. Let Cl-(A) denote the closure of
A C X with respect to the topology 7

(a) Prove that the family
B ={U — A | U is open, Cl;(A) is compact in 7}
constitutes a basis for a new topology 7* on X.
(b) Prove that 7* is Hausdorff.
(c) Prove that 7 = 7* iff all compact subsets of 7 are finite.
2. If A x B is a compact subset of X x Y contained in an open set W

in X x Y, then there exists open sets U C X and V C Y such that
AxBCUxVCW.

3. Let (X;)ien be a sequence of Hausdorff infinite spaces, and X =
[Lien Xi with the topology which has a base {[[;cnUi : U;open}.
Show that
(a) X is Hausdorff
(b) X is not seperable

(c) X has a closed discrete subspace which has the cardinality of R.

4. Let X = (R% T) where T is the topology on R? which is induced by
the following metric

gl +[p—rl+]s| ifp#r
(a) Describe the relative topologies on R x {0}, {p} x R, R x {q} for
q # 0, and on an arbitrary line ax + by = c.
(b) Show that X is path connected.
(c) Find the number of path components of X \ {(p,q)}

d<<p,q>,<r,s>>:{ la—s| fp—r



METU - Mathematics Department
Graduate Preliminary Exam

Topology

Duration : 3 hours Fall 2005

1. Let (X,d,), (Y,dy) be two metric spaces and let f : X — Y be continuous in
the usual €, ¢ definition.

a) Prove that for every open set V C Y, the set f~1(V) is open in X.

b) Suppose that X is compact and yo € Y — f(X). Prove that there is an open
neighborhood V of f(X) and a positive number r such that V' N B(yg;7) = 0.
Here, B(yo;r) ={y €Y : dy(y,y0) < }.

2. Let X be an infinite set with the finite complement topology (ie. the collection
of open sets is 7 = {A : X — A is finite, or A = 0}).

a) Prove that every subset of X is compact.

b) Prove that X is T} (ie. For every z,y € X with x # y, there are open sets
UV such that z e U —V andy € V —U).

Is X Hausdorft ? Is X metrizable ?
c) If X =R, find the closures and interiors of (0,1}, 2, 3], Z.

3. a) Consider the following subsets of R? :

X:{(i%, W) in>1,0<y<1}U{(x,0): |z <1}U{(0,9):0<y< 1},

Y:{(i%, y):n>1,0<y<1}U{(z,0):|z| <1} U{(-2,y):0<y <1}

Show that in the topology induced from R2,
(i) X is connected but not locally connected, and

(ii) Y is locally connected.



b) Show that the image of a locally connected set under a continuous map is
not necessarily locally connected.

Hint : Consider the map f:Y — X, f(a,b) = { 23’23 ilffszé__;

¢) Show that a compact Hausdorff space is locally connected if and only if
every open cover of it can be refined by a cover consisting of a finite number
of connected spaces.

. a) Show that a topological space X is regular if and only if for each x € X
and any neighborhood U of z, there is a closed neighborhood V' of x such that
VcuU.

b) Let X be a regular space and let D be the family of all subsets of the form
{z} where {z} denotes the closure of the point z € X. Show that D is a
partition of X.

c¢) Show that, in the quotient topology induced by the projection
p: X — D, p(z) = {z}, D is a regular Hausdorff space.



METU - Mathematics Department
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Topology

Duration : 3 hours September 15, 2006

1. Let X be an infinite set and T ={A C X : A=0 or X — A is finite}. Let
Y be a subspace of the topological space (X,7T'). Show that
a) Y is Ty if and only if YV is finite.
b) Y is connected if and only if Y is infinite.
¢) Y is compact and separable.
d) If the cardinality of Y is at least the cardinality of R, then Y is path
connected.

2. Let X, Y be topological spaces and f : X — Y be a continuous, open
surjection and B be a base for the topological space X. Show that

a) The set {f(U) : U € B} is a base for the topological space Y.
b) If X is locally connected, then Y is locally connected.

c) If X islocally compact (not necessarily Hausdorff), then Y is locally com-
pact.

3. Let X # ) be a topological space. We say Xy C X is very dense in X if the
following correspondence between the sets of open subsets

O(X) — O(Xo)
U UﬂXO

is injective.
a) (i) Show that a v.d. set is dense and give a non-Hausdorff example to

show that the converse is not true.
(i) Determine the topology of X if {z} C X is v.d.

b) Show that if X is Ty and contains a v.d. subset Xy which is minimal
(with respect to inclusion) in the set of nonempty closed subsets of X, then
X consists of a single point.

c¢) True or false 7 Explain (prove the claim or give a counter example).

If X is a connected topological space and if X is v.d. in X, then X is con-
nected too.



4. Let C(X,Y) be the set of all continuous functions between a locally compact
topological space X and an arbitrary topological space Y. We define the weak
topology on C(X,Y) by taking as subbase the sets of the form

{fecX,Y): f(K)cV}
for compact subsets K C X and open sets V C Y.
A) Suppose X is compact and Y is a metric space. Show that

a) the weak topology is defined by a metric dy on C'(X,Y),
b) if Y is complete, then (C'(X,Y"),dw ) is a complete metric space.

B) Show that if g : X; — X5 is a continuous map between locally compact
spaces then the induced map

g C(X,Y) — C(X1,Y)
f—fog

1S continuous.



METU - Mathematics Department
Graduate Preliminary Exam-Fall 2007

Topology

1. Let X and Y be two topological spaces and let X x Y be given the product
topology.

a) Suppose K is a compact subset of X and A C X X Y is an open set such
that for some y € Y, K x {y} C A. Show that y has a neighborhood U C Y
such that K x U C A.

b) (i) Suppose X is compact. Prove that the projection 7 : X x Y — Y is a
closed map.

(ii) Give an example to show that in (i) the compactness assumption is
essential.

2. a) Let X be a connected, Hausdorff and completely regular topological space.
Prove that if X has at least two points, then X is uncountable.

(Recall : A Ti-topological space X is completely regular if for any given closed
subset Y of X and for any p € X, one can find a continuous function f : X — R
such that f(p) =0 and f|y = 1.)

b) Give an example of a Hausdorff completely regular space which is countable.

3. Prove that the one-point compactification of R? (in its usual topology) is
homeomorphic to the 2-sphere S? C R? (the topology on S? is induced from
R3).

4. True or false 7 Prove the statement or give a counter example.

a) Let (X, d) be a metric space. Suppose that there exist a point a € X and

a real number €, > 0 such that for all € > ¢, one has B(a;€) = B(a;e). Then
(X, d) is bounded.

b) If g : Y — X is a continuous map into a discrete topological space, then g
is constant on each connected component of Y.

c¢) Recall that a point € X in a topological space X is called a generic point
if it is dense.

(i) If X has a unique generic point, then it is connected.

(ii) A connected topological may have at most a unique generic point.



METU - Department of Mathematics
Graduate Preliminary Exam
General Topology
Fall 2008

1.
(A) In a topological space, is the intersection of two dense subsets always dense ?

(B) Let X be a topological space. Prove that the intersection of two open and
dense subsets of X is open and dense.

(C) Let $ be the family subsets of X consisting of the open and dense subsets
of X and the empty set. Prove that § is a topology on X.

(D} Let X be the topological space with carrier set X and topology $. Let V be
a topological space and Y be defined similarly. If f: X — Y is a continuous and
open map, prove that f: X — Y is continuous.

2.
A) Prove that a closed subset of a compact topological space is compact.

(A)
(B) Prove that a compact subset of a Hausdorff topological space is closed.

(C) 6,5 be topologies on X such that ' C H. If K C X is compact with
respect to §, prove that K is compact with respect to ' as well.

(D) Suppose that T is a topology on X such that the topological space (X, %) is
compact. If & is a topology on X which is strictly coarser than T, (that is 6 C %
yet & # T ) prove that the topological space {X, &) is not Hausdorfl. (Hint : There
exists C' C X which is closed with respect to T but not closed with respect to &. )

3. Let f: X — Y be a continuous closed surjection. Prove the following
statements:

i) X is Ty then YV is T7.

it} If X is normal then Y is normal.

iii) If V is connected and f~{y) is connected for each y € ¥ then X is connected.

iv) If f7*(y) is Lindeldf for each y € Y and Y is Lindelsf then X is Lindeldf,

4.Let f: X - Y be a closed open surjection.

a) Let ¢ : X — (0,1) be a continuous function and © : ¥ — R be a function
such that ©(y) = sup{p(z)|f(z) = y] for each y € Y. Show that 4 is continuous.

b) Show that Y is regular (T3) when X is regular and f is continuous.

¢) Show that Y is T35 when X is T32 and f is continuous.
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Fall 2009

. a) Let A be a subspace of X and U is an open subset of X. Show that if ANU is ciosed in U then
UnA=UnNA where A= C’EXA.

b) Suppose that a subspace A of a topological space has the property that each of its points has a
neighborhood U such that AN 17 is closed in 7. Show that A is open in A, where A is closure of Ain X
as in part(a).

¢) Show that if A has the property given in part(b), then 4 can be written as a the intersection of an
open and & closed set.

. Let X be a compact connected Hausdoff space and f: X — X a continuous open map. Show that f is
onto. '

. Let X be a space which is not Lindeldf. Adjoin a point p to X to.chtain.a-new space-% whose T
neighborhoods of p are the sets of the form {p} U E where E an open subset of X whose complement is
Lindeldf. Call this new space X. '

a) Show that X is a dense subspace of X.

b) Show that X is Lindelof.

. Let X = {z|z : N -+ R} with the box topology {the topology which has a base B = {IL;en0:|0; open in
R for i € N},

a) Show that X x X — X given by {(z,y) = = + y is continuous.

b) Show that R x X — X given by (r, z) — rx is discontinuous.

¢) Describe the path component of O = (0).



TMS
Fall 2010

Topology

1. Let B be the collection of all open intervals (a,b) for a -b > 0, and all differences (a,b) — A
for a-b < 0 where A = {1/n|n = 1,2,---}. Show that B is a basis for a topology on R.

Determine A in this topology.

2. A topological space is said to be symmetric if x € @ happens if and only if y € m, where
A denotes the closure of A in X for any subset A of X.
a) Give an example of a space which is symmetric but not Hausdorff.

b) Consider the topology on R in which open sets are open intervals of the form (a,o0) for
a € R. Show that this topology is normal but not regular. (In this question the definition of

normality and regularity of a space does not assume the space is T1).
c) Prove that a symmetric normal space is regular.
3. Let A ={1,2,3} be equipped with the discrete metric d, (i.e. d(z,y) =1 if x # y,
0 otherwise), and let the Cartesian product E = [0,1] x A be equipped with the d..-metric

i.e.
deo((7,0a), (z',a")) = max{|z — 2’|, d(a,d’)}.
Give examples of compact, non-compact, connected and disconnected subsets of E and
justify your claims.
4. All the spaces in this questions are subspaces of the real line equipped with the standard
topology.

a) Use connectedness to show that the any two intervals of the form [a,b) and (¢, d) are not

homeomorphic.

b) Show that any bijection f : [0,1) — (0, 1) must have infinitely many points of discontinuity.
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Each question is 25 pt.

1. For a subset A in topological space X, let A denote the closure and A°
denote the interior of A in X. Prove or disprove the followings:

JAUB=AUB.
b) (AU B)° = A°U B°.

(a

(

(c) AnNB=ANB

(d) Every quotient space of a Hausdorff space is Hausdorff.

(e) Every quotient map p: X — Y is open.

(f) An infinite set X with the finite complement topology is metrizable.
(g) (—o0,0) is homeomorphic to (0,1).

(h) (—00,0) is homeomorphic to [0, 1).

2. (a) Let X be a topological space and let A be a subset of X. Give the
definition of the connectedness and the path-connectedness of A.

(b) Prove that a path-connected subset of a topological space is con-
nected.

(c) Show that the converse of (b) is not true.

(d) Let X be a topological space, C' be a connected subset and E be an
arbitrary subset of X. Suppose that CNE # () and C N (X — E) # 0.
Show that C NOFE # (), where OF denotes the boundary of F.

(e) Let D denote the subset {(z1,xa,...,7,,0): 23+ x5+ -+ 22 # 1}
in R"*1. Is D connected? Prove your answer.



3. Prove the following:

(a) If X is a compact space and f : X — Y is a continuous surjective
map, then Y is compact.

(b) Let X be a compact space and Y be a Hausdorff space. Suppose
that f : X — Y is a continuous bijection. Prove that f is a homeo-
morphism.

(c) Prove that the compactness assumption in (b) is necessary.

4. Let X,Y be Hausdorff topological spaces. Prove the followings:
(a) Prove that X x Y is compact if and only if X and Y are compact.

(b) Prove that X x Y is path—connected if and only if X and Y are
path—connected.



Topology September 2013 Middle East Technical University

Preliminary Exam

DURATION: 3 hours

1- Prove or disprove. (X,Y are topological spaces, A, B are subsets of a topological space X, A
denotes the closure of the set A, A’ denotes the set of limit points of the set A, A° denotes the interior
of the set A, 0A denotes the boundary of the set A.)

(a) (AuB)° = A°U B°.

(b) f~1C") = (f~YC)) for any continuous function f: X — Y and for all C C Y.
(c) If A° # 0, then A° = A.

(d) If A and B are connected and AN B # (), then AN B is connected.

(e) If X is connected and if A is a proper subset of X (that is A # () and A # X), then 0A # (.

2- Let
T ={(—0,a)|a € R}.

(a) Show that 7 is a topology on R.
(b) Compare this topology with the standard topology on R.

(c) Let A= (—1,1) and B = (—o0, 1]. Find the interiors A°, B® and the closures A, B of the sets
A, B in this topology.

3- Let X,Y be topological spaces where Y is Hausdorff. Let A C X be dense in X, i.e. A= X. Let
fyg: X =Y be continuous functions such that f(a) = g(a) for all a € A. Show that f = g.

4- Let X, Y be topological spaces, a € X and C' C Y be compact in Y. Suppose there is an open set
N in X xY such that {a} x C C N. Show that there is an open set U C X and an open set V C Y
such that a e U, C CV and U x V C N.
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1. Let Q denote the set of rational numbers considered as a subspace of R, the space of real

numbers.

(a) Show that one-point subsets are not open in Q.

(b) Show that Q is totally disconnected (i.e. the only connected subsets are one-point sets

{a}, ¢ € Q).

(c) Prove that Q is not locally connected.

2. Let {X,|a € A} be a family of spaces and let A, C X, for each o € A.

(a) Show that if A, is closed in X, then [] A, is closed in [] X,. Why does this imply
that [[ Ao C [[4a?

(b) Show that [ A, C [] Aa

(a) State Urysohn Lemma.

(b) Show that a connected normal space having more than one point is uncountable.

4. Let X be a compact Hausdorff space and A C X be a closed subset.

(a) Show that X \ A is a locally compact Hausdorff space.

(b) Show that the one-point compactification (X \ A)* of the space X \ A is homeomorphic
to the quotient space X/A. (Recall that X/A is the quotient space X/~ where the

equivalence classes are {A} and the single point sets.)
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(1) Let f: X — Y be a map between topological spaces. Show that the following are equivalent.

(i) f is continuous and open.

(i) f~1(Int(B)) = Int(f~1(B)) for all BC Y.

(ii) f~1(B) = f~1(B) forall BC Y.

(2) Let (2,,) be a sequence of points of the space [],.; Xo endowed with the product topology. Let
75: [[oes Xa — Xp be the projection mapping associated with the index 3.

Show that the sequence (z,) converges to x if and only if the sequence mg(z,,) converges to mg(z) for
each 8 € J.

Is this true if you use the box topology instead of the product topology?

(3) Let X be the subspace of R? defined by X = U>_,C,,, where C,, = {(z,y) : (x —1/n)? 4+ 5% = 1/n?}

n=1

(X is the union of the circles with center (1/n,0) and radius 1/n forn =1,2,3,...) Let Y be the quotient
space formed by starting with R and defining « ~ y if either x = y or if z,y € Z. Prove that X and Y
are not homeomorphic.

(4) Let X be metrizable. Show that the following are equivalent.

(i) X is bounded under every metric that gives the topology of X.
(ii) Every continuous function ¢: X — R is bounded.

(iii) X is limit point compact.
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(1) Let f: X — Y be a map between topological spaces. Show that the following are equivalent.

(i) f is continuous and open.

(i) f~1(Int(B)) = Int(f~1(B)) for all BC Y.

(ii) f~1(B) = f~1(B) forall BC Y.

(2) Let (2,,) be a sequence of points of the space [],.; Xo endowed with the product topology. Let
75: [[oes Xa — Xp be the projection mapping associated with the index 3.

Show that the sequence (z,) converges to x if and only if the sequence mg(z,,) converges to mg(z) for
each 8 € J.

Is this true if you use the box topology instead of the product topology?

(3) Let X be the subspace of R? defined by X = U>_,C,,, where C,, = {(z,y) : (x —1/n)? 4+ 5% = 1/n?}

n=1

(X is the union of the circles with center (1/n,0) and radius 1/n forn =1,2,3,...) Let Y be the quotient
space formed by starting with R and defining « ~ y if either x = y or if z,y € Z. Prove that X and Y
are not homeomorphic.

(4) Let X be metrizable. Show that the following are equivalent.

(i) X is bounded under every metric that gives the topology of X.
(ii) Every continuous function ¢: X — R is bounded.

(iii) X is limit point compact.
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1. Parts are unrelated!

q‘ a) Construct a topology 7 on the interval [0,1) so that it becomes homeomorphic to the
unit circle
' ={(z,y) eR* |+ =1}
with the topology inherited from the standard topology of R?. Find a homeomorphism
F:10,1) — §* where [0,1) has the topology 7.
b) Show that any bijection ¢ : [0,1] — [0,1) is discontinuous at infinitely many points,
where both interval are equipped with the standard topology inherited from the real line.
g ¢) Find a homeomorphism 1 : [0, 00) — (0,1].

2. A continuous map between two topological spaces is called proper if the preimage of any

compact set is compact. Parts are unrelated!

@ a) Is there a proper map f:R — [0, 1], where [0,1] has its standard topology? Prove your

> answer.

£€8b) Show that g:R — R, g(z) = z?, is proper. : :

@ ¢) Let h: X = Y be a continuous map of Hausdorfl topological spaces, where X i
compact. Show that h is proper.

3.
[ © a) Define an equivalence relation on R? (equipped with the standard topology) as follows:

(zo,%0) ~1 (21, 1n) & xg + Yo = 33? + Y
Show thet the quotient space R?/ ~1 is homeomorphic to the real line with its standard
topology.
15 b) Instead of the above equivalence relation ~ in Part (a) consider the relation ~3 defined
as
(z0,90) ~2 (z1,1n) & @b+ 8 =]+ .
Is the quotient space R?/ ~; homeomorphic to R%/ ~7 Prove your answer!

4. Let (X,d) be a metric space. A function f:X — X is called an isometry if d(z,y) =

dlf(z), f(y)), forall z,ye X.
% a) Prove that if (X,d) is compact and connected then any isometry f: X — X isa
homeomorphism.
Ci b) Prove that any isometry [ :R — R is a homeomorphism, where the resl line has its
standard absolute value metric.
% ¢) Find an isometry f :[0,00) —+ [0,00), which is not a homeomorphism.
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1. a) Show that every subspace of a second countable space is Lindeldf.

b) Show that any base for the open sets in a second countable space has a countable
subfamily which is a base.

2. Show thaf continuous Hausdorff image of a compact locally connected space is compact
and locally connected.

3. a) Define a (topological} imbedding.

b) Let X be a compact space, ¥ be a Hausdorff space and g : X —» ¥ be continuous
one-to-one map. Show that g is a topological imbedding,.

¢) Let X and ¥ be two arbitrary spaces and f: X — Y be a continuous map. Show that
the map F: X — X x Y which is given by F(z) = (=, f(x)} is a topological imbedding.

4. Let X beaset and {(Xa, 7o) }Ha € A*be a collection of spaces. For each alet fo : X — X,
be a map. Recall that the weak topology on X induced by the collection {fq|a € A} is the
topology 7 on X for which the sets f71(U,) for a ¢ A and U, is open in X, form a subbase.

a) Show that 7 is the smallest topology on X making each f, continuous.

b) Let {7a]or € A} be a family of topologies on a fixed set X and denote by X, the space
consisting of the set X with the topology 7,. Denote the identity function from X to the
space Xq by 44. Let 7 denote the weak topology induced on X by the collection {Zqfa € A}
Exhibit a homeomorphism F from X to the diagonal A in the product space || X, and
verify that it is indeeed a homeomorphism. (Note: A = {2 € [{ Xo|za = zgforalla, 8}.)




