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1. A collection {fα | α ∈ A} of functions on a space X (to spaces Xα) is
said to separate points from closed sets in X iff whenever B is closed
in X and x /∈ B, then for some α ∈ A, fα(x) /∈ fα(B). Then, prove
that a collection {fα | α ∈ A} of continuous functions on a topological
space X separates points from closed sets in X if and only if the sets
f−1

α (V ), for α ∈ A and V open in Xα, form a base for the topology on
X.

2. Let X be a compact space and let {Cα | α ∈ A} be a collection of
closed sets, closed with respect to finite intersections. Let C = ∩Cα

and suppose that C ⊂ U with U open. Show that Cα ⊂ U for some
α ∈ A.

3. Let (X, d) be a metric space.

(a) Consider a connected set A ⊂ X and a continuous function f :
X → R. Given α, β ∈ f(A) ⊂ R with α ≤ β prove that for every t ∈ R
with α ≤ t ≤ β there exists a ∈ A such that f(a) = t .

(b) For any B ⊂ X, prove that the function g : X → R defined by

g(x) = dist(x,B) = inf{d(x, b) | b ∈ B}
for all x ∈ X is continuous.

(c) Let Ω ⊂ X be open, connected and relatively compact (i.e. its
closure is compact). Consider a continuous surjective function h :
Ω → Ω. Prove that there exists w ∈ Ω such that

dist(w, Bd(Ω)) = dist(h(w), Bd(Ω)) .

(Hint : Consider the point w ∈ Ω at which dist(w, Bd(Ω)) achieves its
maximum. )

4. Let X = R∪{∞} with the topology with respect to which a subset of
X not containing ∞ is open if it is open in the usual sense, a subset



of X containing ∞ is open if its complement is the union of finitely
many sequences convergent in the usual sense along with their limits.

(a) Prove that for any open set U in X the set U \ {∞} is open in R
(Hint: the terms of a convergent sequence in R together with its limit
is a closed set).

(b) Prove that [0, 1] ⊂ X is compact.

(c) Prove that [0, 1] ⊂ X is not closed. Is X Hausdorff?

(d)Prove that for every continuous f : X → X with f(∞) = ∞, the
set of fixed points {x ∈ X | f(x) = x} is closed.
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1. Let τ be a Hausdorff topology on a set X 6= ∅ and for A ⊂ X, let A denote
the closure of A with respect to τ .

a) Prove that the family

B = {U − A : U is open, A is compact in τ}

constitutes a basis for a new topology τ∗.
b) Prove that τ∗ is Hausdorff.

c) Prove that τ = τ∗ if and only all subsets of X which are compact in τ , are
finite subsets.

2. Let X be an infinite set with the finite complement topology (ie. the collection
of open sets is τ = {A : X − A is finite, or A = ∅}).
a) Prove that every subset of X is compact.

b) Prove that X is T1 (ie. For every x, y ∈ X with x 6= y, there are open sets
U, V such that x ∈ U − V and y ∈ V − U).

Is X Hausdorff ? Is X metrizable ?

c) If X = R, find the closures and interiors of (0, 1], [2, 3],Z.



3. Let X be a Hausdorff topological space and let X∗ = X ∪ {∞}, where ∞ is
an ideal point not in X. Consider the following collection Ω∗ of subsets of X∗

(i) open sets in X

(ii) sets of the form X∗ − S where S is a compact subset of X.

Prove the following statements for the topological space (X∗, Ω∗) (do not
prove that Ω∗ defines a topology on X∗).

a) (X∗, Ω∗) is compact.

b) If X is locally compact, then X∗ is Hausdorff.

c) A continuous map f : X → Y between Hausdorff topological spaces extends
to a map f ∗ : X∗ → Y ∗, which is continuous if f is proper (that is, the inverse
image under f of every compact subset of Y is compact).

d) If Y is a locally compact Hausdorff space and if f : X → Y is proper, then
f is a closed map.

4. Let (X, d) be a metric space. For a point x and for subspaces A,B in X, define
d(x,A) = inf{d(x, a) : a ∈ A} and d(A,B) = inf{d(a, b) : a ∈ A, b ∈ B}.
(a) Prove that the map f : X → R defined by f(x) = d(x,A) is continuous.

(b) Prove that if A is compact, then there is a point a0 ∈ A such that
d(x, a0) = d(x,A).

(c) Prove that if A and B are compact, then there are points a0 ∈ A and
b0 ∈ B such that d(a0, b0) = d(A,B).

(d) Prove that A and B are compact and disjoint, then there are disjoint open
sets U and V in X such that U contains A and V contains B.

(e) Show that the conclusion of (b) may not be true if A is not compact.
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1. Consider the real line R with the usual topology. Let ∼ be the equivalence
relation defined by

x ∼ y if and only if x− y ∈ Q.

Show that the quotient space R/ ∼ has uncountable number of elements and
that its topology is trivial.

2. A discrete valued map on a topological space X is a continuous map X → D
into a discrete topological space D. Show that

a) X is connected if and only if every discrete valued map on X is constant.

b) the statement ”d(p) =d(q) for every discrete valued map d on X” defines
an equivalence relation on X and that the corresponding equivalence classes
are closed subsets of X.

3. Let X and Y be two topological spaces and let X × Y be given the product
topology.

a) Suppose K is a compact subset of X and A ⊂ X × Y is an open set such
that for some y ∈ Y , K × {y} ⊂ A. Show that y has a neighborhood U ⊂ Y
such that K × U ⊂ A.

b) (i) Suppose X is compact. Prove that the projection π : X × Y → Y is a
closed map.

(ii) Give an example to show that in (i) the compactness assumption is
essential.

4. Let X be a Hausdorff topological space and let X∗ = X ∪ {∞}, where ∞ is
an ideal point not in X. Consider the following collection Ω∗ of subsets of X∗

(i) open sets in X

(ii) sets of the form X∗ − S where S is a compact subset of X.



Prove the following statements for the topological space (X∗, Ω∗) (do not
prove that Ω∗ defines a topology on X∗).

a) (X∗, Ω∗) is compact.

b) If X is locally compact, then X∗ is Hausdorff.

c) A continuous map f : X → Y between Hausdorff topological spaces extends
to a map f ∗ : X∗ → Y ∗, which is continuous if f is proper (that is, the inverse
image under f of every compact subset of Y is compact).

d) If X, and Y are locally compact Hausdorff spaces and if f : X → Y is
proper and continuous, then f is a closed map.
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1. A topological space is extremally disconnected if and only if the closure of every open
set is open. Show that for any topological space X the following are equivalent:

(a) X is extremally disconnected,

(b) Every two disjoint open sets in X have disjoint closures.

2. Show the following:

(a) An open subset of a separable space is separable.

(b) The product of countable number of separable spaces is separable.

(c) The quotient space of a separable space is separable.

3. Let X, Y be topological spaces and f : X → Y be a continuous map. Consider the
graph G = {(x, f(x)) : x ∈ X} of f with the subspace topology of X × Y .

(a) Show that G is homeomorphic to X .

(b) Show that G is closed if Y is Hausdorff.

4. Let X be a compact Hausdorff space and f : X → Y be a quotient map. Show that the
following are equivalent:

(a) Y is an Hausdorff space,

(b) f is a closed map,

(c) The set {(x1, x2) ∈ X ×X : f(x1) = f(x2)} is closed in X ×X.
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1. Let τ be a Hausdorff topology on X. Let Clτ (A) denote the closure of
A ⊆ X with respect to the topology τ

(a) Prove that the family

B = {U −A | U is open, Clτ (A) is compact in τ}
constitutes a basis for a new topology τ∗ on X.

(b) Prove that τ∗ is Hausdorff.
(c) Prove that τ = τ∗ iff all compact subsets of τ are finite.

2. If A × B is a compact subset of X × Y contained in an open set W
in X × Y , then there exists open sets U ⊆ X and V ⊆ Y such that
A×B ⊆ U × V ⊆ W .

3. Let (Xi)i∈N be a sequence of Hausdorff infinite spaces, and X =∏
i∈NXi with the topology which has a base {∏i∈N Ui : Ui open}.

Show that

(a) X is Hausdorff
(b) X is not seperable
(c) X has a closed discrete subspace which has the cardinality of R.

4. Let X = (R2, T ) where T is the topology on R2 which is induced by
the following metric

d((p, q), (r, s)) =
{ | q − s | if p = r
| q | + | p− r | + | s | if p 6= r

(a) Describe the relative topologies on R×{0}, {p}×R, R×{q} for
q 6= 0, and on an arbitrary line ax + by = c.

(b) Show that X is path connected.
(c) Find the number of path components of X \ {(p, q)}
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1. Let (X, dx), (Y, dY ) be two metric spaces and let f : X → Y be continuous in
the usual ε, δ definition.

a) Prove that for every open set V ⊂ Y , the set f−1(V ) is open in X.

b) Suppose that X is compact and y0 ∈ Y −f(X). Prove that there is an open
neighborhood V of f(X) and a positive number r such that V ∩B(y0; r) = ∅.
Here, B(y0; r) = {y ∈ Y : dY (y, y0) < r}.

2. Let X be an infinite set with the finite complement topology (ie. the collection
of open sets is τ = {A : X − A is finite, or A = ∅}).
a) Prove that every subset of X is compact.

b) Prove that X is T1 (ie. For every x, y ∈ X with x 6= y, there are open sets
U, V such that x ∈ U − V and y ∈ V − U).

Is X Hausdorff ? Is X metrizable ?

c) If X = R, find the closures and interiors of (0, 1], [2, 3],Z.

3. a) Consider the following subsets of R2 :

X = {(± 1

n
, y) : n ≥ 1, 0 ≤ y ≤ 1} ∪ {(x, 0) : |x| ≤ 1} ∪ {(0, y) : 0 ≤ y ≤ 1},

Y = {(± 1

n
, y) : n ≥ 1, 0 ≤ y ≤ 1} ∪ {(x, 0) : |x| ≤ 1} ∪ {(−2, y) : 0 ≤ y ≤ 1}

Show that in the topology induced from R2,

(i) X is connected but not locally connected, and

(ii) Y is locally connected.



b) Show that the image of a locally connected set under a continuous map is
not necessarily locally connected.

Hint : Consider the map f : Y → X, f(a, b) =

{
(a, b) if a 6= −2
(0, b) if a = −2.

c) Show that a compact Hausdorff space is locally connected if and only if
every open cover of it can be refined by a cover consisting of a finite number
of connected spaces.

4. a) Show that a topological space X is regular if and only if for each x ∈ X
and any neighborhood U of x, there is a closed neighborhood V of x such that
V ⊂ U .

b) Let X be a regular space and let D be the family of all subsets of the form
{x} where {x} denotes the closure of the point x ∈ X. Show that D is a
partition of X.

c) Show that, in the quotient topology induced by the projection

p : X → D, p(x) = {x}, D is a regular Hausdorff space.
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1. Let X be an infinite set and T = {A ⊂ X : A = ∅ or X − A is finite}. Let
Y be a subspace of the topological space (X, T ). Show that

a) Y is T2 if and only if Y is finite.
b) Y is connected if and only if Y is infinite.
c) Y is compact and separable.
d) If the cardinality of Y is at least the cardinality of R, then Y is path
connected.

2. Let X, Y be topological spaces and f : X → Y be a continuous, open
surjection and B be a base for the topological space X. Show that

a) The set {f(U) : U ∈ B} is a base for the topological space Y .

b) If X is locally connected, then Y is locally connected.

c) If X is locally compact (not necessarily Hausdorff), then Y is locally com-
pact.

3. Let X 6= ∅ be a topological space. We say X0 ⊂ X is very dense in X if the
following correspondence between the sets of open subsets

O(X) → O(X0)
U 7→ U ∩X0

is injective.

a) (i) Show that a v.d. set is dense and give a non-Hausdorff example to
show that the converse is not true.
(ii) Determine the topology of X if {x} ⊂ X is v.d.

b) Show that if X is T0 and contains a v.d. subset X0 which is minimal
(with respect to inclusion) in the set of nonempty closed subsets of X, then
X consists of a single point.

c) True or false ? Explain (prove the claim or give a counter example).

If X is a connected topological space and if X0 is v.d. in X, then X0 is con-
nected too.



4. Let C(X,Y ) be the set of all continuous functions between a locally compact
topological space X and an arbitrary topological space Y . We define the weak
topology on C(X,Y ) by taking as subbase the sets of the form

{f ∈ C(X,Y ) : f(K) ⊂ V }

for compact subsets K ⊂ X and open sets V ⊂ Y .

A) Suppose X is compact and Y is a metric space. Show that

a) the weak topology is defined by a metric dW on C(X,Y ),

b) if Y is complete, then (C(X, Y ), dW ) is a complete metric space.

B) Show that if g : X1 → X2 is a continuous map between locally compact
spaces then the induced map

g∗ : C(X2, Y ) → C(X1, Y )
f 7→ f ◦ g

is continuous.
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1. Let X and Y be two topological spaces and let X × Y be given the product
topology.

a) Suppose K is a compact subset of X and A ⊂ X × Y is an open set such
that for some y ∈ Y , K × {y} ⊂ A. Show that y has a neighborhood U ⊂ Y
such that K × U ⊂ A.

b) (i) Suppose X is compact. Prove that the projection π : X × Y → Y is a
closed map.

(ii) Give an example to show that in (i) the compactness assumption is
essential.

2. a) Let X be a connected, Hausdorff and completely regular topological space.
Prove that if X has at least two points, then X is uncountable.

(Recall : A T1-topological space X is completely regular if for any given closed
subset Y of X and for any p ∈ X, one can find a continuous function f : X → R
such that f(p) = 0 and f |Y = 1.)

b) Give an example of a Hausdorff completely regular space which is countable.

3. Prove that the one-point compactification of R2 (in its usual topology) is
homeomorphic to the 2-sphere S2 ⊂ R3 (the topology on S2 is induced from
R3).

4. True or false ? Prove the statement or give a counter example.

a) Let (X, d) be a metric space. Suppose that there exist a point a ∈ X and
a real number ε0 > 0 such that for all ε > ε0 one has B(a; ε) = B(a; ε). Then
(X, d) is bounded.

b) If g : Y → X is a continuous map into a discrete topological space, then g
is constant on each connected component of Y .

c) Recall that a point x ∈ X in a topological space X is called a generic point
if it is dense.
(i) If X has a unique generic point, then it is connected.
(ii) A connected topological may have at most a unique generic point.
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TMS

Fall 2010

Topology

1. Let B be the collection of all open intervals (a, b) for a · b ≥ 0, and all differences (a, b) − A

for a · b < 0 where A = {1/n|n = 1, 2, · · ·}. Show that B is a basis for a topology on R.

Determine A in this topology.

2. A topological space is said to be symmetric if x ∈ {y} happens if and only if y ∈ {x}, where

A denotes the closure of A in X for any subset A of X.

a) Give an example of a space which is symmetric but not Hausdorff.

b) Consider the topology on R in which open sets are open intervals of the form (a,∞) for

a ∈ R. Show that this topology is normal but not regular. (In this question the definition of

normality and regularity of a space does not assume the space is T1).

c) Prove that a symmetric normal space is regular.

3. Let A = {1, 2, 3} be equipped with the discrete metric d, (i.e. d(x, y) = 1 if x 6= y,

0 otherwise), and let the Cartesian product E = [0, 1] × A be equipped with the d∞-metric

i.e.

d∞((x, a), (x′, a′)) = max{|x− x′|, d(a, a′)}.

Give examples of compact, non-compact, connected and disconnected subsets of E and

justify your claims.

4. All the spaces in this questions are subspaces of the real line equipped with the standard

topology.

a) Use connectedness to show that the any two intervals of the form [a, b) and (c, d) are not

homeomorphic.

b) Show that any bijection f : [0, 1) → (0, 1) must have infinitely many points of discontinuity.
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1. For a subset A in topological space X, let A denote the closure and A◦

denote the interior of A in X. Prove or disprove the followings:

(a) A ∪B = A ∪B.

(b) (A ∪B)◦ = A◦ ∪B◦.

(c) A ∩B = A ∩B.

(d) Every quotient space of a Hausdorff space is Hausdorff.

(e) Every quotient map p : X → Y is open.

(f) An infinite set X with the finite complement topology is metrizable.

(g) (−∞, 0) is homeomorphic to (0, 1).

(h) (−∞, 0) is homeomorphic to [0, 1).

2. (a) Let X be a topological space and let A be a subset of X. Give the
definition of the connectedness and the path-connectedness of A.

(b) Prove that a path-connected subset of a topological space is con-
nected.

(c) Show that the converse of (b) is not true.

(d) Let X be a topological space, C be a connected subset and E be an
arbitrary subset of X. Suppose that C ∩E 6= ∅ and C ∩ (X −E) 6= ∅.
Show that C ∩ ∂E 6= ∅, where ∂E denotes the boundary of E.

(e) Let D denote the subset {(x1, x2, . . . , xn, 0) : x2
1 +x2

2 + · · ·+x2
n 6= 1}

in Rn+1. Is D connected? Prove your answer.

1



3. Prove the following:

(a) If X is a compact space and f : X → Y is a continuous surjective
map, then Y is compact.

(b) Let X be a compact space and Y be a Hausdorff space. Suppose
that f : X → Y is a continuous bijection. Prove that f is a homeo-
morphism.

(c) Prove that the compactness assumption in (b) is necessary.

4. Let X, Y be Hausdorff topological spaces. Prove the followings:

(a) Prove that X × Y is compact if and only if X and Y are compact.

(b) Prove that X × Y is path–connected if and only if X and Y are
path–connected.
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1- Prove or disprove. (X,Y are topological spaces, A,B are subsets of a topological space X, A

denotes the closure of the set A, A′ denotes the set of limit points of the set A, A◦ denotes the interior

of the set A, ∂A denotes the boundary of the set A.)

(a) (A ∪B)◦ = A◦ ∪B◦.

(b) f−1(C ′) = (f−1(C))′ for any continuous function f : X → Y and for all C ⊂ Y .

(c) If A◦ 6= ∅, then A◦ = A.

(d) If A and B are connected and A ∩B 6= ∅, then A ∩B is connected.

(e) If X is connected and if A is a proper subset of X (that is A 6= ∅ and A 6= X), then ∂A 6= ∅.

2- Let

T = {(−∞, a) | a ∈ R}.

(a) Show that T is a topology on R.

(b) Compare this topology with the standard topology on R.

(c) Let A = (−1, 1) and B = (−∞, 1]. Find the interiors A◦, B◦ and the closures A, B of the sets

A,B in this topology.

3- Let X,Y be topological spaces where Y is Hausdorff. Let A ⊂ X be dense in X, i.e. A = X. Let

f, g : X → Y be continuous functions such that f(a) = g(a) for all a ∈ A. Show that f = g.

4- Let X,Y be topological spaces, a ∈ X and C ⊂ Y be compact in Y . Suppose there is an open set

N in X × Y such that {a} × C ⊂ N . Show that there is an open set U ⊂ X and an open set V ⊂ Y

such that a ∈ U , C ⊂ V and U × V ⊂ N .
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1. Let Q denote the set of rational numbers considered as a subspace of R, the space of real
numbers.

(a) Show that one-point subsets are not open in Q.

(b) Show that Q is totally disconnected (i.e. the only connected subsets are one-point sets
{q}, q ∈ Q).

(c) Prove that Q is not locally connected.

2. Let {Xα|α ∈ Λ} be a family of spaces and let Aα ⊂ Xα for each α ∈ Λ.

(a) Show that if Aα is closed in Xα, then
∏
Aα is closed in

∏
Xα. Why does this imply

that
∏
Aα ⊂

∏
Aα?

(b) Show that
∏
Aα ⊂

∏
Aα

3.

(a) State Urysohn Lemma.

(b) Show that a connected normal space having more than one point is uncountable.

4. Let X be a compact Hausdorff space and A ⊂ X be a closed subset.

(a) Show that X \A is a locally compact Hausdorff space.

(b) Show that the one-point compactification (X \A)∗ of the space X \A is homeomorphic
to the quotient space X/A. (Recall that X/A is the quotient space X/∼ where the
equivalence classes are {A} and the single point sets.)
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(1) Let f : X → Y be a map between topological spaces. Show that the following are equivalent.

(i) f is continuous and open.

(ii) f−1(Int(B)) = Int(f−1(B)) for all B ⊂ Y .

(iii) f−1(B) = f−1(B) for all B ⊂ Y .

(2) Let (xn) be a sequence of points of the space
∏

α∈J Xα endowed with the product topology. Let
πβ :

∏
α∈J Xα → Xβ be the projection mapping associated with the index β.

Show that the sequence (xn) converges to x if and only if the sequence πβ(xn) converges to πβ(x) for
each β ∈ J .
Is this true if you use the box topology instead of the product topology?

(3) Let X be the subspace of R2 defined by X = ∪∞

n=1
Cn, where Cn = {(x, y) : (x− 1/n)2 + y2 = 1/n2}

(X is the union of the circles with center (1/n, 0) and radius 1/n for n = 1, 2, 3, . . .) Let Y be the quotient
space formed by starting with R and defining x ∼ y if either x = y or if x, y ∈ Z. Prove that X and Y
are not homeomorphic.

(4) Let X be metrizable. Show that the following are equivalent.

(i) X is bounded under every metric that gives the topology of X.

(ii) Every continuous function φ : X → R is bounded.

(iii) X is limit point compact.
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(1) Let f : X → Y be a map between topological spaces. Show that the following are equivalent.

(i) f is continuous and open.

(ii) f−1(Int(B)) = Int(f−1(B)) for all B ⊂ Y .

(iii) f−1(B) = f−1(B) for all B ⊂ Y .

(2) Let (xn) be a sequence of points of the space
∏

α∈J Xα endowed with the product topology. Let
πβ :

∏
α∈J Xα → Xβ be the projection mapping associated with the index β.

Show that the sequence (xn) converges to x if and only if the sequence πβ(xn) converges to πβ(x) for
each β ∈ J .
Is this true if you use the box topology instead of the product topology?

(3) Let X be the subspace of R2 defined by X = ∪∞

n=1
Cn, where Cn = {(x, y) : (x− 1/n)2 + y2 = 1/n2}

(X is the union of the circles with center (1/n, 0) and radius 1/n for n = 1, 2, 3, . . .) Let Y be the quotient
space formed by starting with R and defining x ∼ y if either x = y or if x, y ∈ Z. Prove that X and Y
are not homeomorphic.

(4) Let X be metrizable. Show that the following are equivalent.

(i) X is bounded under every metric that gives the topology of X.

(ii) Every continuous function φ : X → R is bounded.

(iii) X is limit point compact.






